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N ASSUMPTION underlying the notion of Nash equilibrium isthat each player 
_ --- holds the correct belief about the other players' actions. To do so, a player 
must know the game she is playing; in particular, she must know the other play
ers' preferences. In many situations the participants are not perfectly informed 
about their opponents' characteristics: bargainers may not know each others' val
uations of the object of negotiation, firms may not know each others' cost func
tions, combatants may not know each others' strengths, and jurors may not know 
their colleagues' interpretations of the evidence in a trial. In some Situations, a 
participant may be well informed about her opponents' characteristics, but may 
not know how weil these opponents are informed about her own characteristics. 
In this chapter I describe the model of a "Bayesian game", which generalizes the 
notion of a strategic game to allow us to analyze any situation in which euch player 
is imperfectly informed about an aspect of her environment that is relevant to her 
choice of an action. 

9.1 Motivational examples 

Istart with two examples that illustrate the main ideas in the model of a Bayesian 
game. I define the notion of Nash equilibrium separately for each game. In the 
next section I define the general model of a Bayesian game and the notion of Nash 
equilibrium for such agame. 

> EXAMPLE 273.1 (Variant of BoS with imperfect information) Consider a variant of 
the situation modeled by BoS (Figure 19.1) in which player 1 is unsure whether 

273 



274 Chapter 9. Bayesian Games 

-Prob. ~------------Prob. ~---~-. 
---- - \ 1 ------··-, 

2 B 5 2 B 5 

B 2,1 0,0 
5 0,0 1,2 

2 wishes to meet 1 

B 2,0 0,2 
5 0,1 1, 0 

2 wishes to avoid 1 
'·-------------· 

Figure 274.1 A variant of BoS in which player 1 is unsure whether player 2 wants to meet her or to 
avoid her. The frame labeled 2 enclosing each table indicates that player 2 knows the relevant table. 
The frame labeled 1 enclosing both tables indicates that player 1 does not know the relevant t<~ble; the 
probabilities she assigns to the two tables appear on the frame. 

player 2 prefers togoout with her or prefers to avoid her, whereas player 2, as be
fore, knows player 1's preferences. Specifically, suppose player 1 thinks that with 
probability ~ player 2 wants to go out with her, and with probability i player 2 
wants to avoid her. (Presumably this assessment comes from player 1's expe
rience: half of the time she is involved in this situation she faces a player who 
wants to go out with her, and half of the time she faces a player who wants to 
avoid her.) That is, player 1 thinks that with probability ~ she is playing the game 
on the left of Figure 274.1 and with probability ~ she is -playing the game on the 
right. Because probabilities are involved, an analysis of the situation requires us to 
know the players' preferences over lotteries, even if we are interested only in pure 
strategy equilibria; thus the numbers in the tables are Bernoulli payoffs. 

We canthink of there being two states, one in which the players' Bernoulli pay
offs are given in the left table and one in which these payoffs are given in the right 
table. Player 2 knows the state-she knows whether she wishes to meet or nvoid 
player 1-whereas plnyer 1 does not; plnyer 1 nssigns probnbility ~ to ench state. 

The notion of Nash equilibrium for n strategic gmne models n steady state in 
which each player's beliefs about the other players' nctions are correct, and each 
player acts optimnlly, given her beliefs. We wish to generalize this notion to the 
current situation. 

From player l's point of view, player 2 has two possible types, one whose pref
erences are given in the left table of Figure 274.1 and one whose preferences nre 
given in the right table. Plnyer 1 does not know plnyer 2's type, so to choose an 
action rationally she needs to form a belief nbout the action of each type. Given 
these beliefsandher belief about the likelihood of each type, she can calculate her 
expected payoff to each of her actions. For example, if she thinks that the type who 
wishes to meet her will choose B and the type who wishes to avoid her will choose 
5, then she thinks that B will yield her a payoff of 2 with probability ~ and a payoff 
of 0 with probability i, so that her expected payoff is ~ · 2 + ~ · 0 =- 1, and 5 will 
yield her an expected payoff of i · 0 + ~ · 1 = ~· Similar calculations for the other 
combinations of actions for the two types of player 2 yield the expected payoffs 
in Figure 275.1. Each column of the table is a pair of actions for the two types of 
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Figure 275.1 The expected payoffs of player 1 for the four possible pairs of actions of the two types of 
player 2 in Example 273.1. Each row corresponds to an action of player 1, and each column corresponds 
to a pair of actions of the two types of player 2; the action of the type who wishes to meet player 1 is 
listed first. 

player 2, the first member of each pair being the action of the type who wishes to 
meet player 1 and the second member being the action of the type who wishes to 
avoid player 1. 

For this situation we define a pure strategy Nasl! equilibrium to be a triple of 
actions, one for player 1 and one foreachtype of player 2, with the property that 

• the action of player 1 is optimal, given the actions of the two types of player 2 
(and player 1's belief about the state) 

• the action of each type of player 2 is optimal, given the action of player 1. 

That is, we treat the two types of player 2 as separate players and analyze the 
situation as a three-player strategic game in which player 1's payoffs as a function 
of the actions of the two other players (i.e. the two types of player 2) are given in 
Figure 275.1, and the payoff of each type of player 2 is independent of the actions 
of the other type and depends on the action of player 1 as given in the tables in 
Figure 274.1 (the left table for the type who wishes to meet player 1, and the right 
table for the type who wishes to avoid player 1). In a Nash equilibrium, player 1's 
action is a bestresponsein Figure 275.1 to the pair of actions of the two types of 
player 2, the action of the type of player 2 who wishes to meet player 1 is a best 
response in the left table of Figure 274.1 to the action of player 1, und the action 
of the type of player 2 who wishes to avoid player 1 is a bestresponsein the right 
table of Figure 274.1 to the action of player 1. 

Why should player 2, who knows whether she wants to meet or avoid player 1, 
have to plan what to do in both cases? She does not have to do so! But we, as 
analysts, need to consider what she would do in both cases. The reason isthat to 
determine her best action, player 1, who does not know player 2's type, needs to 
form a belief about the action each type would take, and we wish to impose the 
equilibrium condition that these beliefs be correct, in thesensethat foreachtype 
of player 2 they specify a best response to player 1's equilibrium action. Thus the 
equilibrium action of player 2 for each of her possible types may be interpreted as 
player 1's (correct) belief about the action that each type of player 2 would take, 
not as a plan of action for player 2. 

I claim that (B, (B, 5) ), where the first component is the action of player 1 and 
the other component is the pair of actions of the two types of player 2, is a Nash 
equilibrium. Given thatthe actions of the two types of player 2 are (B, 5), player 1's 
action B is optimal, from Figure 275.1; given that player 1 chooses B, Bis optimal 
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for the type who wishes to meet player 1 and S is optimal for the type who wishes 
to avoid player 1, from Figure 274.1. Suppose that in fact player 2 wishes to meet 
player 1. Then we interpret the equilibrium as follows. Both player 1 and player 2 
choose ß; player 1, who does not know if player 2 wants to meet her or avoid her, 
believes that if player 2 wishes to meet her she will choose B, and if she wishes to 
avoid her she will choose S. 

CD EXERCISE 276.1 (Equilibria of a variant of BoS with imperfect information) Show 
that there is no pure strategy Nash equilibrium of this game in which player 1 
chooses S. If you have studied mixed strategy Nash equilibrium (Chapter 4), 
find the mixed strategy Nash equilibria of the game. (First check whether there 
is an equilibrium in which both types of player 2 use pure strategies; then Iook for 
equilibria in which one or both of these types randomize.) 

We can interpret the actions of the two types of player 2 to reflect player 2's 
intentions in the hypothetical situation before she knows the state. We can tell the 
following story. Initially player 2 does not know the state; she is informed of the 
state by a signal that depends on the state. Before receiving this signal, she plans 
an action for each possible signal. After receiving the signal she carries out her 
planned actionforthat signal. We can tell a similar story for player 1. Tobe consis
tent with her not knowing the state when she takes an action, her signal must be 
uninformative: it must be the same in each state. Given her signal, she is unsure 
of the state; when choosing an action she takes into account her belief about the 
likelihood of each state, given her signal. The framework of states, beliefs, and 
signals, which is unnecessarily baroque in this simple example, comes into its own 
in the analysis of more complex situations. 

EXAMPLE 276.2 (Variant of BoS with imperfect information) Consider another vari
ant of the situation modeled by BoS, in which neither player knows whether the 
other wants togoout with her. Specifically, suppose that player 1 thinks that with 
probability i player 2 wants to go out with her, and with probability i player 2 
wants to avoid her, and player 2 thinks that with probability ~ player 1 wants to 
go out with her and with probability ~ player 1 wants to avoid her. As before, 
assume that each player knows her own preferences. 

We can model this situation by introducing four states, one for each of the pos
sible configurations of preferences. I refer to these states as yy (each player wants 
togoout with the other), yn (player 1 wants togoout with player 2, but player 2 
wants to avoid player 1), ny, and nn. 

The fact that player 1 does not know player 2's preferences means that she can
not distinguish between states yy and yn, or between states ny and nn. Similarly, 
player 2 cannot distinguish between states yy and ny, or between states yn and 
nn. We can model the players' information by assuming that each player receives 
a signal before choosing an action. Player 1 receives the same signal, say y1, in 
states yy and yn, and a different signal, say n1, in states ny and mz; player 2 re
ceives the same signal, say yz, in states yy and ny, and a different signal, say n2, in 
states yn and nn. After player 1 receives the signal y1, she is referred to as type Yl 
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Figure 277.1 A variant of BoS in which each player is unsure of the other player's preferences. The 
frame l~beled i: x encloses the states that generate the signal x for player i; the numbers appearing 
over th1s frame next to each table are the probabi!ities assigned by type x of player i to each state she 
regards tobe possible. 

of player 1 (who wishes to go out with player 2); after she receives the signal n1 
she is referred to as type 111 of player 1 (who wishes to avoid player 2). Similarly, 
player 2 has two types, Y2 and 112. 

Type Yl of player 1 believes that the probability of each of the states yy and yn 
is ~;type n1 of player 1 believes that the probability of each of the states ny and nn 
is ~· Similarly, type y2 of player 2 believes that the probability of state yy is ~ and 
that of state ny is ~;type n2 of player 2 believes that the probability of state yn is ~ 
and that of state nn is ~· This model of the situation is illustrated in Figure 277.1. 

As in Example 273.1, to study the equilibria of this model we consider the play
ers' plans of action before they receive their signals. That is, euch player plans an 
action for each of the two possible signals she may receive. We may think of there 
being four players: the two types of player 1 and the two types of player 2. A Naslt 
equilibrium consists of four actions, one for euch of these players, suchthat the ac
tion of each type of each original player is optimal, given her belief about the state 
after observing her signal, and given the actions of each type of the other original 
player. 

Consider type y1 of player 1. Her beliefs about the probabilities of states yy and 
yn and her payoffs in these states are the same as the beliefs and payoffs of player 1 
for the two states in Example 273.1. Thus her expected payoffs for the four pairs 
of actions of the two types of player 2 are given in Figure 275.1, interpreting each 
column to represent a pair of actions of types Y2 and 112 of player 2. 

CD EXERCISE 277.1 (Expected payoffs in a variant of BoS with imperfect information) 
Construct tables like the one in Figure 275.1 for type 111 of player 1, and for types Yz 
and nz of player 2. 

----
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I claim that ( (B, B), (B, 5)) and ( ( 5, B), (5, 5)) are Nash equilibria of the game, 
where in each case the first component gives the actions of the two types of player 1 
and the second component gives the actions of the two types of player 2. You may 
use Figure 275.1 to verify that B is a best response of type Yl of player 1 to the pair 
(B, 5) of actions of player 2, and 5 is a best response to the pair of actions (5, 5). 
You may use your answer to Exercise 277.1 to verify that in each of the claimed 
Nash equilibria the action of type n1 of player 1 and the action of each type of 
player 2 is a best response to the other players' actions. 

In each of these examples a Nash equilibrium is a list of actions, one for each 
type of each player, such that the action of each type of each player is a best re
sponse to the actions of all the types of the other player, given the player's beliefs 
about the state after she observes her signal. The actions planned by the various 
types of player i arenot relevant to the decision problern of any type of player i, 
but there is no harm in taking them, as well as the actions of the types of the other 
player, as given when player i is choosing an action. Thus we may define a Nash 
equilibrium in each example tobe a Nash equilibrium of the strategic game in 
which the set of players is the set of all types of all players in the original situation. 

In the next section I define the general notion of a Bayesian game and the notion 
of Nash equilibrium in such agame. Thesedefinitions require significant theoret
ical development. If you find the theory in the next section heavy going, you may 
be able to skim the section and then study the subsequent illustrations, relying on 
the intuition developed in the examples in this section, and returning to the theory 
only as necessary for clarification. 

9.2 General definitions 

9.2. 7 Bayesian games 

A strategic game with imperfect information is called a "Bayesian game". (The 
reason for this nomenclature will become apparent.) As in a strategic game, the 
decision-makers are called players, and each player is endowed with a set of actions. 

A key component in the specification of the imperfect information is the set of 
states. Each state is a complete description of one collection of the players' relevant 
characteristics, including both their preferences and their information. For every 
collection of characteristics that some player believes to be possible, there must 
be a state. For instance, suppose in Example 273.1 that player 2 wishes to meet 
player 1. In this case, the reason for including in the model the state in which 
player 2 wishes to avoid player 1 isthat player 1 believes such a preferencetobe 
possible. 

At the start of the game a state is realized. The players do not observe this state. 
Rather, each player receives a signal that may give her some information about the 
state. Denote the signal player i receives in state w by T;(w). The function T; is 
called player i's signal function. (Note that the signal is a deterministic function of 
the state: for each state, adefinite signal is received.) The states that generate any 
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given signal t; are said tobe corzsisterzt with t;. The sizes of the sets of states con
sistent with each of player i's signals reflect the quality of player i's information. 
If, for example, Ti(w) is different for each value of w, then player i knows, given 
~er signal, the state that has occurred; after receiving her signal, she is perfectly 
mformed about all the players' relevant characteristics. At the other extreme, if 
T; ( w) is the same for all states, then player i' s signal conveys no information ab out 
the state. If Ti(w) is constant over some subsets of the set of states, but is not the 
same for all states, then player i's signal conveys partial information. For exam
ple, if there are three states, w1, w2, and w3, and T;(w1) i= T;(w2) = T;(w3), then 
when the state is w1 player i knows that it is w1, whereas when it is either w2 or w3 

she knows only that it is one of these two states. (In Figures 274.1 and 277.1, each 
frame encloses a set of states that yield the same signal for one of the players.) 

We refer to player i in the event that she receives the signal t; as type t; of 
player i. Each type of each player holds a belief about the likelihood of the states 
consistent with her signal. If, for example, t; = T;(wl) = Ti(w2), then type t; 

of player i assigns probabilities to w1 and w2. (A player who receives a signal 
consistent with only one state naturally assigns probability 1 to that state.) 

Each player may care about the actions chosen by the other players, as in a 
strategic game with perfect information, and also about the state. The players 
may be uncertain about the state, so we need to specify their preferences regard
ing probability distributions over pairs (a, w) consisting of an action profile a and 
a state w. I assume that each player's preferences over such probability distribu
tions are represented by the expected value of a Bernoulli payoff Jurzctiorz. Thus I 
specify each player i's preferences by giving a Bernoulli payoff function u; over 
pairs (a,w). (Note that in Examples 273.1 and 276.2, both players care only about 
the other player's action, not independently about the state.) 

In summary, a Bayesian game is defined as follows. 

DEFINITION 279.1 (Bayesinn gnme) A Bayesian game consists of 

• a set of players 

• a set of states 

and for each player 

• a set of actions 

• a set of signals that she may receive and a signal function that associates a 

signal with each state 

• for each signal that she may receive, a belief about the states consistent with 
the signal (a probability distribution over the set of states with which the 

signal is associated) 

• a Bernoulli payoff function over pairs (a, w ), where a is an action profile and 
w is a state, the expected value of which represents the player's preferences 

among lotteries over the set of such pairs. 

-------- -----------· 
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Note that the set of actions of each player is independent of the state. Each 
player may care about the state, but the set of actions available to her is the same 

in every state. 
The eponymous Thomas Bayes (1702-61) first showed how probabilities should 

be changed in the light of new information. His formula (discussed in Section 
17.6.5) is needed when one works with a variant of Definition 279.1 in which each 
player is endowed with a "prior" belief about the states, from which the belief of 
each of her types is derived. For the purposes of this chapter, the belief of each 
type of each player is more conveniently taken as a primitive, rather than being 
derived from a prior belief. 

The game in Example 273.1 fits into this general definition as follows. 

P/ayers The pair of people. 

States The set of states is { meet, avoid}. 

Actions The set of actions of each player is { B, 5}. 

Signals Player 1 may receive a single signal, say z; her signal function T1 satis
fies T1 (nzeet) = T1 (avoid) = z. Player 2 receives one of two signals, say m and 
v; her signal function Tz satisfies Tz(meet) = m and Tz(avoid) = v. 

Be/iefs Player 1 assigns probability i to each state after receiving the signal z. 
Player 2 assigns probability 1 to the state meet after receiving the signal m, 
and probability 1 to the state avoid after receiving the signal v. 

Payoffs The payoffs ui(a, meet) of each player i for all possible action pairs are 
given in the left panel of Figure 274.1, and the payoffs ui(a,avoid) are given 
in the right panel. 

Similarly, the game in Example 276.2 fits into the definition as follows. 

Players The pair of people. 

States The set of states is {yy, yn, ny; nn}. 

Actions The set of actions of each player is { B, S}. 

Signals Player 1 receives one of two signals, YI and n1; her signal function T1 

satisfies Tt(yy) = T1(yn) = Yl and Tt(ny) = -r1(nn) = 111. Player 2 re
ceives one of two signals, Yz and nz; her signal function Tz satisfies Tz(yy) = 
Tz(ny) = Yz and Tz(yn) = Tz(nn) = nz. 

Beliefs Player 1 assigns probability i to each of the states yy and yn after re
ceiving the signal Yl and probability i to each of the states ny and 1m after 
receiving the signal n1. Player 2 assigns probability ~ to the state yy and 
probability ~ to the state ny after receiving the signal yz, and probability ~ to 
the state yn and probability ~ to the state nn after receiving the signal nz. 

Payoffs The payoffs ui(a, w) of each player i for all possible action pairs and 
states are given in Figure 277.1. 
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9.2.2 Nash equi/ibrium 

In a strategic game, each player chooses an action. In a Bayesian game, each player 
chooses a collection of actions, one for each signal she may receive. That is, in a 
Bayesian game each type of each player chooses an action. In a Nash equilibrium of 
such a game, the action chosen by each type of each player is optimal, given the 
actions chosen by every type of every other player. (In a steady state, each player's 
experience teaches her these actions.) Any given type of player i is not affected by 
the actions chosen by the other types of player i, so there is no harm in thinking 
that player i takes as given these actions, as well as those of the other players. Thus 
we may define a Nash equilibrium of a Bayesian gametobe a Nash equilibrium 
of a strategic game in which each player is one of the types of one of the players in 
the Bayesian game. What is each player's payoff function in this strategic game? 

Consider type ti of player i. Foreach state w she knows every other player's 
type (i.e. she knows the signal received by every other player). This information, 
together with her belief about the states, allows her to calculate her expected pay
off for each of her actions and each collection of actions for the various types of the 
other players. For instance, in Example 273.1, player 1's beliefisthat the probabil
ity of each state is i, and she knows that player 2 is type m in the state 1neet and 
type v in the state avoid. Thus if type m of player 2 chooses B and type v of player 2 
chooses S, player 1 thinks that if she chooses B then her expected payoff is 

iu1((B,B),meet) + ~ul((B,S),avoid), 

where u1 is her payoff function in the Bayesian game. (In generalher payoff may 
depend on the state, though in this example it does not.) The top box of the second 
column in Figure 275.1 gives this payoff; the other boxes give player 1's payoffs for 
her other action and the other combinations of actions for the two types of player 2. 

In a general game, denote the probability assigned by the belief of type ti of 
player i to state w by Pr(w I t;). Denote the action taken by each type t1 of each 
player j by a(j, t1). Player j's signal in state w is Tj(w), so her action in this state 
is a(j, Tj(w) ). Foreach state wand each player j, let fij(w) = a(j, Tj(w) ). Then the 
expected payoff of type t; of player i when she chooses the action ai is 

L Pr(w I t;)ui((ai,L;(w)),cu), (281.1) 
WEO 

where 0 is the set of states and (a;, Li( w)) is the action profile in which player i 
chooses the action ai and every other player j chooses flj(w). (Note that this ex
pected payoff does not depend on the actions of any other types of player i, but 
only on the actions of the various types of the otlzer players.) 

We may now define precisely a Nash equilibrium of a Bayesian game. 

> DEFINITION 281.2 (Nash equilibrium of Bayesian game) A Nash equilibrium of a 
Bayesian game is a Nash equilibrium of the strategic game (with vNM prefer
ences) defined as follows. 
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P/ayers The set of all pairs (i, ti) in which i is a player in the Bayesian game and ti 
is one of the signals that i may receive. 

Actions The set of actions of each player (i, ti) is the set of actions of player i in the 
Bayesian game. 

Preferences The Bernoulli payoff function of each player (i, ti) is given by (281.1). 

?) EXER(:ISE 282.1 (Fighting an opponent of unknown strength) Two people are in-
. volved in a dispute. Person 1 does not know whether person 2 is strong or weak; 

she assigns probability tX to person 2's being strong. Person 2 is fully informed. 
Each person can either fight or yield. Each person's preferences are represented by 
the expected value of a Bernoulli payoff function that assigns the payoff of 0 if she 
yields (regardless of the other person's action) and a payoff of 1 if she fights and 
her opponent yields; if both people fight, then their payoffs are ( -1, 1) if person 2 
is strong and (1, -1) if person 2 is weak. Formtdate this situation as a Bayesian 
game and find its Nash equilibria if tX < i and if tX > i· 

(J) EXERCISE 282.2 (An exchange game) Each of two individuals receives a ticket on 
which there is an integer from 1 to m indicating the size of a prize she may receive. 
The individuals' tickets are assigned randomly and independently; the probabil
ity of an individual's receiving each possible number is positive. Each individ
ual is given the option of exchanging her prize for the other individual's prize; 
the individuals are given this option simultaneously. If both individuals wish to 
exchange, then the prizes are exchanged; otherwise each individual receives her 
own prize. Each individual's objective is to maximize her expected monetary pay
off. Modelthissituation as a Bayesian game and show that in any Nash equilib
rium the highest prize that either individual is willing to exchange is the smallest 
possible prize. 

'V EXERCISE 282.3 (Adverse selection) FirmA (the "acquirer") is considering taking 
over firm T (the "target"). It does not know firm T's value; it believes that this 
value, when firm T is controlled by its own management, is at least $0 and at most 
$100, and assigns equal probability to each of the 101 dollar values in this range. 
Firm T will be worth SO<Yo more under firm A's management than it is under its 
own management. Suppose that firm A bids y to take over firm T, and firm T is 
worth x (under its own management). Then if T accepts A's offer, A's payoff is 
~x- y and T's payoff is y; if T rejects A's offer, A's payoff is 0 and T's payoff is 
x. Modelthissituation as a Bayesian game in which firm A chooses how much 
to offer and firm T decides the lowest offer to accept. Find the Nash equilibrium 
(equilibria?) of this game. Explain why the logic behind the equilibrium is called 
adverse selection. 

9.3 Two examples concerning information 

The notion of a Bayesian game may be used to study how information patterns 
affect the outcome of strategic interaction. Here are two examples. 
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Figure 283.1 The first Bayesian game considered in Section 9.3.1. 

9.3.1 Moreinformation may hurt 

A decision-maker in a single-person decision problern cannot be worse off if she 
has more information: if she wishes, she can ignore the information. In agame the 
sameisnot true: if a player has more information and the other players know that 
she has more information, then she may be worse off. 

Consider, for example, the two-player Bayesian game in Figure 283.1, where 
0 < e < i· In this game there are two states, and neither player knows the state. 
Player 2's unique best response to each action of player 1 is L. (If player 1 chooses 
T, L yields 2e, whereas M and R each yield ~e; if player 1 chooses B, L yields 
2, whereas M and R each yield ~.) Further, player 1's unique best response to 
L is B. Thus (B, L) is the unique Nash equilibrium of the game; it yields each 
player a payoff of 2. (If you have studied Chapter 4, you will be able to verify that, 
moreover, the game has no other mixed strategy equilibrium.) 

Now consider the variant of this game in which player 2 is informed of the state: 
player 2's signal function T2 satisfies T2(w1) f. T2(w2)· In this game (T, (R,M)) is 
the unique Nash equilibrium. (Each type of player 2 has a strictly dominant action, 
to which T is player 1's unique best response.) 

Player 2's payoff in the unique Nash equilibrium of the original game is 2, 
whereas her payoff in the unique Nash equilibrium of the game in which she 
knows the state is 3e in each state. Thus she is worse off when she knows the state 
than when she does not. To understand this result, notice that among player 2's ac
tions, R is good only in state w1, M is good only in state w2, and L is a compromise. 
When she does not know the state she chooses L, inducing player 1 to choose B. 
When she is fully informed she tailors her action to the state, choosing R in state w1 

and M in state w2, inducing player 1 to choose T. The game has no steady state in 
which she ignores her information and chooses L because this action leads player 1 
to choose B, making R better for player 2 in state cv1 and M better in state w2. 

9.3.2 lnfection 

The notion of a Bayesian game may be used to model not only situations in 
which players are uncertain about each others' preferences, but also situations in 
which they are uncertain about each others' knowledge. Consider, for example, the 
Bayesian game in Figure 284.1. 

-_,.., 
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Figure 284.1 The first Bayesian game in Section 9.3.2. In the unique Nash equilibrium of this game, 

each type of each player chooses R.. 

Notice that player 2's preferences are the samein all three states, and player 1's 
preferences are the same in states ß and ry. In particular, in state ry, each player 
knows the other player's preferences, and player 2 knows that player 1 knows her 
preferences. The shortcoming in the players' information in state ry isthat player 1 
does not know that player 2 knows her preferences: player 1 knows only that the 
state is either ß or ry, andin state ß player 2 does not know whether the state is IX or 
ß, and hence does not know player 1's preferences (because player 1's preferences 
in these two states differ). 

This imperfection in player 1's knowledge of player 2's information signifi
cantly affects the equilibria of the game. If information were perfect in state ry, 
then both (L, L) and (R, R) would be Nash equilibria. However, the whole game 
has a urzique Nash equilibrium, in which the outcome in state ry is (R, R), as you are 
asked to show in the next exercise. The argument shows that the incentives faced 
by player 1 in state IX "infect" the remainder of the game. 

?) EXERCISE 284.1 (Infection) Show that the Bayesian game in Figure 284.1 has a 
unique Nash equilibrium, in which each player chooses R regardless of her sig
nal. (Start by considering player l's action in state IX. Next consider player 2's 
action when she gets the signal that the state is a or ß. Then consider player 1's 
action when she gets the signal that the state is ß or ry. Finally consider player 2's 
action in state ry.) 

Now extend the game as in Figure 285.1. Consider state 15. In this state, player 2 
knows player l's preferences (because she knows that the state is either ry or 15, and 
in both states player l's preferences are the same). What player 2 does not know is 
whether player 1 knows that player 2 knows player l's preferences. The reason is 
that player 2 does not know whether the state is ry or 15; andin state ry player 1 does 
not know that player 2 knows her preferences, because she does not know whether 
the state is ß or ry, andin state ß player 2 (who does not know whether the state 
is IX or ß) does not know her preferences. Thus the level of the shortcoming in the 
players' information is higher than it is in the game in Figure 284.1. Nevertheless, 
the incentives faced by player 1 in state IX again "infect" the remainder of the game, 
andin the only Nash equilibrium every type of each player chooses R. 

The game may be further extended. As it is extended, the level of the imper
fection in the players' information in the last state increases. When the number of 
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Figure 285.1 The secund Bayesian game in Section 9.3.2. 

states is large, the players' information in the last state is only very slightly imper
fect. Nevertheless, the incentives of player 1 in state IX still cause the game to have 
a unique Nash equilibrium, in which every type of each player chooses R. 

In each of these examples, the equilibrium induces an outcome in every state 
that is worse for both players than another outcome (namely (L, L)); in all states 
but the first, the alternative outcome is a Nash equilibrium in the game with per
fect information. For some other specifications of the payoffs in state IX and the 
players' beliefs, the game has a unique equilibrium in which the "good" outcome 
(L, L) occurs in every state; the point is only that one of the two Nash equilibria is 
selected, not that the "bad" equilibrium is necessarily selected. (Modify the pay
offs of player 1 in state IX so that L strictly dominates R, and change the beliefs to 
assign probability i to each state compatible with each signal.) 

9.4 Illustration: Cournot's duopolygame with imperfect information 

9.4.1 lmperfect information about cost 

Two firms compete in selling a good; one firm does not know the other firm's cost 
function. How does this lack of information affect the firms' behavior? 

Assurne that both firms can produce the good at constant unit cost. Assurne 
also that they both know that firm 1's unit cost is c, but only firm 2 knows its own 
unit cost; firm 1 believes that firm 2's cost is CL with probability e and CH with 

probability 1- 0, whcre 0 < 0 < 1 and CL < CH· 
We may model this situation as a Bayesian gamethat isavariant of Cournot's 

game (Section 3.1). 

Players Firm 1 and firm 2. 

States { L, H}. 

Actions Each firm's set of actions is the set of its possible outputs (nonnegative 

numbers). 

Signals Firm 1's signal function T1 satisfies T1(H) = T1(L) (its signal is the 
samein both states); firm 2's signal function Tz satisfies Tz(H) :f. T2(L) (its 
signal is perfectly informative of the state). 

-. 
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Figure 286.1 Theinformation structure for thc model in thc variant of Cournot's model in Section 9.4.1, 
in which firm 1 does not know firm 2's cost. Thc framc labeled 2: x, for x = Land x = H, cncloses the 
state that gcnerates the signal x for firm 2. 

Beliefs The single type of firm 1 assigns probability e to state L and probabil
ity 1 - 8 to state H. Each type of firm 2 assigns probability 1 to the single 
state consistent with its signal. 

Payofffunctions The firms' Bernoulli payoffs are their profits; if the actions 
chosen are (q 1,q2 ) and the state is I (either L or H), then firm 1's profit is 
q1 (P(q1 + q2)- c) and firm 2's profit is q2(P(q1 + q2)- CJ ), where P(ql + q2) 
is the market price when the firms' outputs are q1 and q2. 

Theinformation structure in this game is similar tothat in Example 273.1; it is 
illustrated in Figure 286.1. 

A Nash equilibrium of this game is a triple (qi', q'L, q/-1 ), where q'{ is the output 
of firm 1, q'f is the output of type L of firm 2 (i.e. firm 2 when it receives the signal 
T2(L)), and q'H is the output of type Hof firm 2 (i.e. firm 2 when it receives the 
signal T2(H)), suchthat 

• qi maximizes firm 1's profit given the output q'[ of type L of firm 2 and the 
output q/-1 of type H of firm 2 

• q'L maximizes the profit of type L of firm 2 given the output qi of firm 1 

• qfi maximizes the profit of typeHoffirm 2 given the output qj' of firm 1. 

To find an equilibrium, we firstfind the firms' best response functions. Given 
firm 1 's beliefs, its best response b1 (q Lt q H) to ( q L, q 1-1) solves 

~~x [8(P(q1 + qL)- c)q1 + (1- 8)(P(q1 + qH)- c)ql]· 

Firm 2's best response bL(q1) to q1 when its cost is CL solves 

~~x [(P(q1 + qL)- cL)qL], 

and its best response bH(qt) to q1 when its cost is CJI solves 

A Nash equilibrium is a triple (qi, q'[, qj.1 ) suchthat 

q]' = h(q'L,qJ.J), q'[ = bL(qi), and q'H = bH(qi.). 
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<D EXERCISE 287.1 (Cournot's duopolygame with imperfect information) Consider 
the game when the inverse demand function is given by P( Q) =IX- Q for Q :::; IX 

and P(Q) = 0 for Q > IX (see (56.2)). For values of CH and CL close enough that 
there is a Nash equilibrium in which all outputs are positive, find this equilibrium. 
Campare this equilibrium with the Nash equilibrium of the game in which firm 1 
knows that firm 2's unit cost is CL, and with the Nash equilibrium of the game in 
which firm 1 knows that firm 2's unit cost is cH. 

9.4.2 lmperfect information about both cost and information 

Now suppose that firm 2 does not know whether firm 1 knows firm 2's cost. That 
is, suppose that one circumstance that firm 2 believes tobe possible isthat firm 1 
knows its cost (although in fact it does not). Because firm 2 thinks this circumstance 
tobe possible, we need Jour states to model the situation, which I call LO, HO, Ll, 
and H1, with the following interpretations. 

LO: firm 2's cost is low and firm 1 does not know whether it is low or high 

HO: firm 2's cost is high and firm 1 does not know whether it is low or high 

L1: firm 2's cost is low and firm 1 knows it is low 

Hl: firm 2's cost is high and firm 1 knows it is high. 

Firm 1 receives one of three possible signals, 0, L, and H. The states LO and HO 
generate the signal 0 (firm 1 does not know firm 2's cost), the state L1 generates 
the signal L (firm 1 knows firm 2's cost is low), and the state H1 generates the 
signal H (firm 1 knows firm 2's cost is high). Firm 2 receives one of two possible 
signals, L, in states LO and L1, and H, in states HO and Hl. Denote by e (as before) 
the probability assigned by type 0 of firm 1 to firm 2's cost being cL, and by rr the 
probability assigned by each type of firm 2 to firm 1's knowing firm 2's cost. (The 
case 7T = 0 is equivalent to the one considered in Section 9.4.1.) A Bayesian game 
that models the situation is defined as follows. 

Players Firm 1 and firm 2. 

States { LO, L1, HO, H1}, where the first letter in the name of the state indicates 
firm 2's cost and the secend letter indicates whether firm 1 does (1) or does 
not (O) know firm 2's cost. 

Actions Each firm's set of actions is the set of its possible outputs (nonnegative 
numbers). 

Signals Firm 1 gets one of the signals 0, L, and H, and her signal function TJ 
satisfies TI(LO) = TI (HO) = 0, T1 (L1) = L, and T1 (Hl) = H. Firm 2 gets the 
signal L or Hand her signal function Tz satisfies Tz(LO) = Tz(L1) = Land 
Tz(HO) = T2(H1) = H. 
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Figure 288.1 The information structure for the model in Section 9.4.2, in which firm 2 does not know 
whether firm 1 knows its cost. The framc labeled i: x encloscs the statcs that generate the signal x for 

firm i. 

Be/iefs Firm 1: type 0 assigns probability e to state LO and probability 1 - e to 
state HO; type L assigns probability 1 to state L1; type H assigns probability 1 
to state H. Firm 2: type L assigns probability 7T to state L1 and probability 1-
n to state LO; type H assigns probability 7T to state H1 and probability 1 - 7T 

to state HO. 

Payoff functions The firms' Bernoulli payoffs are their profits; if the actions cho
sen are (q1, q2), then firm 1's profit is q1 (P(ql + qz) - c) and firm 2's profit is 
q2(P(q1 + q2)- cL) in states LO and L1, and q2(P(q1 + qz)- cL) in states HO 

and Hl. 

Theinformation structure in this game is illustrated in Figure 288.1. You are 
asked to investigate its Nash equilibria in the following exercise. 

G) EXERCISE 288.1 (Cournot's duopolygame with imperfect information) Write down 
the maximization problems that determine the best response function of each type 
of each player. (Denote by q0, qp, and qlt the outputs of types 0, /!,, and h of firm 1, 
and by qL and qH the outputs of typesLand Hof firm 2.) Now suppose that the 
inverse demand function is given by P(Q) =Ci- Q for Q :s; Ci and P(Q) = 0 for 
Q > Ci. For values of CI-J and CL close cnough that there is a Nash equilibrium in 
which all outputs are positive, find this equilibrium. Check that when 7T = 0 the 
equilibrium output of type 0 of firm 1 is equal to the equilibrium output of firm 1 
you found in Exercise 287.1, and that the equilibrium outputs of the two types of 
firm 2 are the same as the ones you found in that exercise. Check also that when 
7T = 1 the equilibrium outputs of type f of firm 1 and type L of firm 2 are the same 
as the equilibrium outputs when there is perfect information and the costs are c 
and cL, and that the equilibrium outputs of type h of firm 1 and type H of firm 2 
are the same as the equilibrium outputs when there is perfect information and the 
costs are c and CF-J. Show that for 0 < 7T < 1, the equilibrium outputs of types L 
and H of firm 2 lie between their values when 7T = 0 and when 7T = 1. 



9.5 Illustration: providing a public good 289 

9.5 Illustration: providing a public good 

Suppose that a public good is provided to a group of people if at least one person 
is willing to pay the cost of the good (as in the model of crime reporting in Sec
tion 4.8). Assurne that the people differ in their valuations of the good, and each 
person knows only her own valuation. Who, if anyone, will pay the cost? 

Denote the nurober of individuals by n, the cost of the good by c > 0, and 
individual i's payoff if the good is provided by v;. If the good is not provided, 
then each individual's payoff is 0. Each individual i knows her own valuation v;. 
She does not know anyone else's valuation, but she knows that all valuations are 
at least Q and at most v, where 0 :::.; Q < c < v. She believes that the probability 
that any one individual' s valuation is at most v is F ( v), independent of all other 
individuals' valuations, where F is a continuous increasing function. The fact that 
Fis increasing means that the individual does not assign zero probability to any 
range of values between Q and v; the fact that it is continuous means that she does 
not assign positive probability to any single valuation. (An example of the function 
Fis shown in Figure 289.1.) 

The following mechanism determines whether the good is provided. All n in
dividuals simultaneously submit envelopes; the envelope of any individual i may 
contain either a contribution of c or nothing (no intermediate contributions are 
allowed). If all individuals submit 0, then the good is not provided and each indi
vidual's payoff is 0. If at least one individual submits c, then the good is provided, 
each individual i who submits c obtains the payoff v; - c, and each individual i 
who submits 0 obtains the payoff v;. (The pure strategy Nash equilibria of a vari
ant of this model, in which more than one contribution is needed to provide the 
good, are considered in Exercise 33.1.) 

We can formulate this situation as a Bayesian game as follows. 

Players The set of n individuals. 

States The set of all profiles (v1, .. . , Vn) of valuations, where Y. :::.; v; :S v for 
all i. 

Actions Each player's set of actions is {0, c }. 

-- ·- -· -- ·--- ••. ---- •. ".I __ _ 
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Figure 289.1 An example of the function F for the model in Section 9.5. Foreach value of v, F( v) is the 
probability that any given individual's valuation is at most v. 
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Signals The set of signals that each player may observe is the set of possible 
valuations. The signal function Ti of each player i is given by Ti( v1, ... , v11 ) = 
v1 (each player knows her own valuation). 

Beliefs Every type of player i assigns probability F(v1)F(v2) · · · F(vi_ 1) x 
F(v1+I) · · · F(v11 ) to the event that the valuation of every other player j is 
at most Vj· 

Payofffunctions Player i's Bernoulli payoff in state (v1, .. . , vn) is 

{ 

0 if no one contributes 
v1 if i does not contribute but some other player does 
v1 - c if i contributes. 

CD EXERCISE 290.1 (Nash equilibria of game of contributing to a public good) Find 
conditions under which for each value of i this game has a pure strategy Nash 
equilibrium in which each type v1 of player i with vi ~ c contributes, whereas 
every other type of player i, and all types of every other player, do not contribute. 

In addition to the Nash equilibria identified in this exercise, the game has a 
symmetric Nash equilibrium in which every player contributes if and only if her 
valuation exceeds some critical amount v*. For such a strategy profile to be an 
equilibrium, a player whose valuation is less than v* must optimally not con
tribute, and a player whose valuation is at least v* must optimally contribute. 
Consider player i. Suppose that every other player contributes if and only if her 
valuation is at least v*. The probability that at least one of the other players con
tributes is the probability that at least one of the other players' valuations is at 
least v*, which is 1- (F(v*)) 11

-
1. (Note that (F(v*)) 11 - 1 is the probability that all 

the other valuations are at most v*.) Thus if player i's valuation is Vf 1 her expected 
payoff is (1- (F(v*)) 11

-
1 )vt if she does not contribute and v1 - c if she does con

tribute. Hence the conditions for player i to optimally not contribute when v1 < v* 
and optimally contribute when Vf 2 v* are (1 - ( F( v*) ) 11 ~ 1 )v1 ~ v1 - c if v1 < v* 1 

and (1- (F(v*) )11
-

1 )v, :::; Vt- c if Vf ~ v* 1 or equivalently 

Vt(F(v*)) 11
-

1 :::; c ifv1 < v* 

v1(F(v*)) 11
-

1 ~ c ifv1 2 v*. 

If these inequalities are satisfied1 then 

v*(F(v*)) 11
-

1 = c. 

(290.2) 

(290.3) 

Converselyl if v* satisfies (290.3), then it satisfies the two inequalities in (290.2). 
Thus the game has a Nash equilibrium in which every player contributes when
ever her valuation is at least v* if and only if v* sa tisfies (290.3). 

Note that because F(v) = 1 only if v ~ v, and v > c, we have v* > c. That is, 
every player's cutoff for contributing exceeds the cost of the public good. When 
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at least one playerls valuation exceeds C1 all players are better off if the public 
good is provided and the high-valuation player contributes than if the good is not 
provided. But in the equilibriuml the good is provided only if at least one player 1S 
valuation exceeds v* 1 which exceeds c. 

As the number of individuals increasesl is the good more or less likely tobe 
provided in this equilibrium? The probability that the good is provided is the 
probability that at least one player 1S valuation is at least v* 1 which is equal to 1 -
(F(v*)) 11

• (Note that (F(v*)) 11 is the probability that every playerls valuation is 
less than v*.) From (290.3) this probability is equal to 1- cF(v*)lv*. How does 
v* vary with n? Asn increaseS1 for any given value of v* the value of (F( v*) )11 - 1 

decreasesl and thus the value of v* ( F ( v*)) n-1 decreases. Thus to maintain the 
equality (290.3)1 the value of v* must increase as rz increases. We conclude that 
as n increases1 the change in the probability that the good is provided depends 
on the change in F ( v*) I v* as v* increases: the probability increases if F ( v*) I v* 
is a decreasing function of v* 1 whereas it decreases if F ( v*) I v* is an increasing 
function of v*. If Fis uniform and:!!. > 01 for example1 F(v*)lv* is an increasing 
function of v* 1 so that the probability that the good is provided decreases as the 
population size increases. 

The notion of a Bayesian game may be used to model a situation in which each 
player is uncertain of the number of other players. In the next exercise you are 
asked to study another variant of the crime-reporting model of Section 4.8 in which 
each of the two players does not know whether she is the only witness or whether 
there is another witness (in which case she knows that witnesS1S valuation). (The 
exercise requires a knowledge of mixed strategy Nash equilibrium (Chapter 4).) 

? EXERCISE 291.1 (Reporting a crime with an unknown number of witnesses) Con
sider the variant of the model of Section 4.8 in which each of two players does not 
know whether she is the only witness or whether there is another witness. Oe
note by rr the probability each player assigns to being the sole witness. Model this 
situation as a ßayesian game with three states: one in which player 1 is the only 
witness, one in which player 2 is the only witness, and one in which both playcrs 
are witnesses. Find a condition on 7T under which the game has a pure Nash equi
librium in which each player chooses Call (given the signal that she is a witness). 
When the condition is violated, find the symmetric mixed strategy Nash equilib
rium of the game, and check that when 7T = 0 this equilibrium coincides with the 
one found in Section 4.8 for 11 = 2. 

9.6 Illustration: auctions 

9.6.1 lntroduction 

In the analysis of auctions in Section 3.51 every bidder knows every other bidderls 
valuation of the object for sale. Here I use the notion of a Bayesian game to analyze 
atlCtions in which bidders arenot perfectly informed about each othersl valuations. 

~-·-· 
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Assurne that a single object is for sale, and that each bidder independently re
ceives some information-a "signal"-about the value of the object to her. lf each 
bidder's signal is simply her valuation of the object, as assumed in Section 3.5, 
we say that the bidders' valuations are private. If each bidder's valuation de
pends on other bidders' signals as well as her own, we say that the valuations 

are common. 
The assumption of private values is appropriate, for example, for a work of art 

whose beautyrather than resale value interests the buyers. Each bidder knows 
her valuation of the object, but not that of any other bidder; the other bidders' val
uations have no bearing on her valuation. The assumption of common values is 
appropriate, for example, for an oil tract containing unknown reserves on which 
each bidder has conducted a test. Each bidder i's test result gives her some infor
mation about the size of the reserves, and hence her valuation of these reserves, 
but the other bidders' test results, if known to bidder i, would typically improve 

this information. 
As in the analysis of auctions in which the bidders are perfectly informed about 

each others' valuations, I study models in which bids for a single object are submit
ted simultaneously (bids are sealed), and the participant who submits the highest 
bid obtains the object. As before I consider both first-price auctions, in which the 
winner pays the price she bid, and second-price auctions, in which the winner pays 
the highest of the remaining bids. 

(In Section 3.5 I argue that the first-price rule models an open descending 
("Dutch") auction, and the second-price rule models an open ascending ("En
glish") auction. Note that the argument that the second-price rule corresponds 
to an open ascending auction depends upon the bidders' valuations being private. 
If a bidder is uncertain of her valuation, which is related tothat of other bidders, 
then in an open ascending auction she may obtain information about her valuation 
from other participants' bids, informationnot available in a sealed-bid auction.) 

I first consider the case in which the bidders' valuations are private, then the 
case in which they are common. 

9.6.2 Independent private values 

In the case in which the bidders' valuations are private, the assumptions about 
these valuations are similar to those in the previous section (on the provision of 
a public good) .. Each bidder knows that all other bidders' valuations are at least 
y_, where y_ 2:: 0, and at most v. She believes that the probability that any given 
bidder's valuation is at most v is F( v), independent of all other bidders' valuations, 
where Fis a continuous increasing function (as in Figure 289.1). 

The preferences of a bidder whose valuation is v are represented by the ex
pected value of the Bernoulli payoff function that assigns 0 to the outcome in which 
she does not win the object and v - p to the outcome in which she wins the object 
and pays the price p. (That is, each bidder is risk neutral.) I assume that the ex
pected payoff of a bidder whose bid is tied for first place is ( v - p) Im, where m is 
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the number of tied winning bids. (The assumption about the outcome when bids 
are tied for first place has mainly "technical" significance; in Section 3.5, it was 
convenient to make an assumption different from the one here.) 

Denote by P(b) the price paid by the winner of the auction when the profile of 
bids is b. Fora first-price auction P(b) is the winning bid (the largest b;), whereas 
for a second-price auction it is the highest bid made by a bidder different from the 
winner. Given the appropriate specification of P, the following Bayesian game 
models first- and second-price auctions with independent private valuations 
(and imperfect information about valuations). 

Players The set of bidders, say 1, ... , n. 

States The set of all profiles (VI, ... , Vn) of valuations, where Q ::; v1 ::; v for 
all i. 

Actions Each player's set of actions is the set of possible bids (nonnegative 
numbers). 

Signals The set of signals that each player may observe is the set of possible 
valuations. The signal function T; of each player i is given by T;( VI, ... , vn) = 
v; (each player knows her own valuation). 

Beliefs Every type of player i assigns probability F(vi)F(v2) · · · F(v;_1) x 
F(v;+I) · · · F(vn) to the event that the valuation of every other player j is 
at most Vj· 

Payoff functions Player i's Bernoulli payoff in state ( v1, ... , v 11 ) is 0 if her bid b; 
is not the highest bid, and ( v; - P( b)) I 111 if no bid is higher than b; and 111 

bids (including b;) are equal to b;: 

{ 

(v;- P(b))/m 
tt;(b,(vl, ... ,vll))= 

0 

if b1 :::; b1 for all j i i and 
bj = b1 for m players 

if b1 > b; for some j i i. 

Nas/1 equilibrium in a second-price sealed-bid aucti011 As in a second-price sealed-bid 
auction in which every bidder knows every other bidder's valuation, 

in a second-price sealed-bid auction witlz imperfect information about valu
atiorzs, a player's bid equal to her valuatiorz weakly domirzates all her otlzer 
bids. 

Precisely, consider some type v; of some player i, and let b; be a bid not equal to v;. 

Then for all bids by all types of all the other players, the expected payoff of type v; 

of player i is at least as high when she bids v; as it is when she bids b;, and for some 
bids by the various types of the other players, her expected payoff is greater when 
she bids Vi than it is when she bids b;. 
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The argument for this result is similar to the argument in Section 3.5.2 in the 
case in which the players know each other's valuations. The main difference be
tween the arguments arises because in the case in which the players do not know 
each others' valuations, any given bids for every type of every player but i leave 
player i uncertain about the highest of the remaining bids, because she is uncertain 
of the other players' types. (The difference in the tie-breaking rules between the 
two cases also necessitates a small change in the argument.) In the next exercise 
you are asked to fill in the details. 

Q) EXERCISE 294.1 (Weak domination in a second-price sealed-bid auction) Show that 
foreachtype v1 of each player i in a second-price sealed-bid auction with imperfect 
information about valuations the bid vi weakly dominates all other bids. 

We conclude, in particular, that a second-price sealed-bid auction with imper
fect information about valuations has a Nash equilibrium in which every type of 
every player bids her valuation. The game has also other equilibria, some of which 
you are asked to find in the next exercise. 

V EXERCISE 294.2 (Nash equilibria of a second-price sealed-bid auction) For every 
player i, find a Nash equilibrium of a second-price sealed-bid auction in which 
player i wins. (Think about the Nash equilibria when the players know each 
others' valuations, studied in Section 3.5.) 

Nash equilibrium in a first-price sealed-bid auction As when the players are perfectly 
informed about each other's valuations, the bid of Vi by type Vi of player i weakly 
dominates any bid greater than Vj, does not weakly dominate bids less than Vi, and 
is itself weakly dominated by any such lower bid. (If type Vi of player i bids Vi, her 
payoff is certainly 0 (either she wins and pays her valuation, or she loses), whereas 
if she bids less than Vi, she may win and obtain a positive payoff.) 

Thesefacts suggest that the game may have a Nash equilibrium in which each 
player bids less than her valuation. An analysis of the game for an arbitrary dis
tribution F of valuations requires calculus and is relegated to an appendix (Sec
tion 9.8). Here I consider the case in which there are two bidders and each player's 
valuation is distributed "uniformly" between 0 and 1. This assumption on the dis
tribution of valuations means that the fraction of valuations less than v is exactly 
v, so that F(v) = v for all v with 0 ~ v ~ 1. 

Denote by ßi( v) the bid of type v of player i. I claim that if there are two bid
ders and the distribution of valuations is uniform between 0 and 1, the game has a 
(symmetric) Nash equilibrium in which the function ßi is the same for both play
ers, with ßi( v) = iv for all v. That is, each type of each player bids exactly half her 
valuation. 

To verify this claim, suppose that each type of player 2 bids in this way. Then 
as far as player 1 is concerned, player 2's bids are distributed uniformly between 
0 and i· Thus if player 1 bids more than i she surely wins, whereas if she bids 
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Figure 295.1 Player l's expected payoff as a function of its bid in a first-price sealed-bid auction in 
which there are two bidders and the valuations are uniformly distributed from 0 to 1, given that player 2 
bids !v2. 

b1 ~ ~ the probability that she wins is the probability that player 2's valuation is 
less than 2bl (in which case player 2 bids less than b1), which is 2h. Consequently 
her payoff as a function of her bid b1 is 

{ 
2bt ( Vt - b1) if 0 ~ b1 ~ ~ 
V1 - b1 if b1 > ~. 

This function is shown in Figure 295.1. Its maximizer is ~v1 (see Exercise 497.1), 
so that player 1's optimal bid is half her valuation. Both players are identical, so 
this argument shows also that given ß1 ( v) = ~v, player 2' s optimal bid is half her 
valuation. Thus, as claimed, the game has a Nash equilibrium in which each type 
of each player bids half her valuation. 

When the nurober n of bidders exceeds 2, a similar analysis shows that the 
game has a (symmetric) Nash equilibrium in which every player bids the frac
tion 1- 1/n of her valuation: ßi(v) = (1- 1/n)v for every player i and ev
ery valuation v. (You are asked to verify a claim more generat than this one in 
Exercise 296.1.) 

In this example-and, it turns out, for any distribution F satisfying the condi
tions given at the start of this section-the players' common bidding function in a 
symmetric Nash equilibrium may be given an illuminating interpretation. Choose 
n- 1 valuations randomly and independently, each according to the cumulative 
distribution function F. The highest of these n - 1 valuations is a "random vari
able": its value depends on the n- 1 valuations that were chosen. Denote it by 
X. Fixa valuation v. Some values of X are less than v; others are greater than v. 
Consider the distribution of X in those cases in which it is less than v. The ex
pected value of this distribution is denoted E[X I X < v]: the expected value of X 
conditional on X being less than v. We may prove the following result. (See the 
appendix, Section 9.8, for suggestive arguments.) 
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If eaclz bidder's valuatio:z is ~ra~vn i:zdepen.dently_Jrom the s~me co~ztinuo~ts 
and increasing cumulatzve dzstrzbutzon, a jzrst-przce sealed-l.nd auctzon (wztlz 
imperfect information about valuations) lzas a (symnzetric) Nash equilibriwn 
in wlziclz each type v of each player bids E[X I X < v], the expected value of 
the highest of the other players' bids conditional on v being higher than all the 

other valuations. 

Put differently, each bidder asks the following question: Over all the cases in 
which my valuation is the highest, what is the expectation of the highest of the 
other players' valuations? This expectation is the amount she bids. 

If Fis uniform from 0 to 1 and n = 2, we rnay verify that indeed the equilibrium 
we found may be expressed in this way. For any valuation v of player 1, the cases 
in which player 2's valuation is less than v are distributed uniformly from 0 to v, 
so that the expected value of player 2's valuation conditional on its being less than 
v is ~v, which is equal to the equilibriurn bidding function that we found. 

Cmnparing equilibria of jirst- and second-price auctions Near the end of Section 3.5.3 
we saw that first- and second-price auctions are "revenue equivalent" when the 
players know each others' valuations: their distinguished equilibria yield the same 
outcome. I now argue that the same is true, under the assurnptions of this section, 
when the players are uncertain of each others' valuations. 

Consider the equilibrium of a second-price auction in which every player bids 
her valuation. In this equilibrium, the expected price paid by a bidder with valua
tion v who wins is the expectation of the highest of the other n - 1 valuations, con
ditional on this maxirnum being less than v, or, in the notation above, E [X I X < v]. 
We have just seen that a first-price auction has a syrnrnetric Nash equilibrium in 
which this amount is precisely the bid of a player with valuation v, and hence the 
arnount paid by such a player. Thus a winning bidder pays the same expected 
price in the equilibrium of each auction. In both cases, the player with the highest 
valuation submits the winning bid, so both auctions yield the auctioneer the same 

revenue: 

If eac/1 bidder is risk-neutral and eaclz bidder's valuation is dmwn indepen
dently from the same contitwous and increasing cwzwlative distribution, tlzen 
tlze Nash equilibrium of a second-price sealed-bid cwction (witlt imperfect in
formation about valuations) in wlziclz eac/z player bids lzer valuation yields 
tlze same revenue as tlze symmetric Naslt cquilibrium of tlie corresponcling 
first-price scalcd-bid auctimz. 

This result depends on the assumption that each player's prcferences are repre
sented by the expected value of a risk-neutral Bernoulli payoff function. Thc next 
exercise asks you to study an exarnple in which each player is risk averse. (See 
page 103 for a discussion of risk neutrality and risk aversion.) 

?!, EXERCISE 296.1 (Auctions with risk-averse bidders) Consider a variant of the 
Bayesian game defined earlier in this section in which the players are risk averse. 
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Specificallyl suppose each of the n playersl preferences are represented by the 
expected value of the Bernoulli payoff function x11111

1 where x is the playerls 
monetary payoff and m > 1. Suppose also that each player 1s valuation is dis
tributed uniformly between 0 and 11 as in the example on page 294. Show that the 
Bayesian game that models a first-price sealed-bid auction under these assump
tions has a (symmetric) Nash equilibrium in which each type vi of each player i 
bids (1-1l[m(n -1) + 1])vi. (You need to use the mathematical fact that the so
lution of the problern maxb[bk( v- b )e] is kv I (k + €).) Campare the auctioneer 1s 
revenue in this equilibrium with her revenue in the symmetric Nash equilibrium 
of a second-price sealed-bid auction in which each player bids her valuation. (Note 
that the equilibrium of the second-price auction does not depend on the playersl 
payoff functions.) 

9.6.3 Common valuations 

In an auction with common valuations1 each player 1s valuation depends on the 
other players1 signals as well as her own. (As before1 I assume that the playersl 
signals are independent.) I denote the function that gives player i 1

S valuation by 
gi 1 and assume that it is increasing in all the signals. Given the appropriate spec
ification of the function P that determines the price P(b) paid by the winner as 
a function of the profile b of bids1 the following Bayesian game models first- and 
second-price auctions with common valuations (and imperfect information about 
valuations). 

Players The set of bidders1 say { 11 ... 1 n}. 

States The set of all profiles (t11·. ·1 t11) of signals that the players may receive. 

Actions Bach player 1
S set of actions is the set of possible bids (nonnegative 

numbers). 

Signals The signal function Ti of each player i is given by r,·(t1, ... , tn) = t; 
(each player observes her own signal). 

Be/iefs Bach type of each player believes that the signal of every type of every 
other player is independent of all the other players1 signals. 

Payofffunctions Player i1S Bernoulli payoff in state ( t11 .. 'I tn) is 0 if her bid bi 
is not the highest bid1 and (gi(tl1 ... I t11) - P(b)) Im if no bid is higher than 
b; and m bids (including bi) are equal to bi: 

if bj :::; b; for all j 1- i and 
bj = b; for m players 

if bj > b; for some j 1- i. 
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Nash equilibrium in a second-price sealed-bid auction The main ideas in the analysis 
of sealed-bid common value auctions are illustrated by an example in which there 
are two bidders, each bidder's signal is uniformly distributed from 0 to 1, and the 
valuation of each bidder i is given by Vi = ati + 1tj, where j is the other player 
and a 2 1 2 0. The case in which a = 1 and 1 = 0 is exactly the one studied in 
Section 9.6.2: in this case, the bidders' valuations are private. lf a = 1, then for 
any given signals, each bidder's valuation is the same-a case of "pure common 
valuations". If, for example, the signal ti is the number of barreis of oil in a tract, 
then the expected valuation of a bidder i who knows the signals ti and tj is p · ~ (ti + 
t.), where p is the monetary worth of a barrel of oil. Our assumption, of course, 
i~ that a bidder does not know any other player's signal. However, a key point in 
the analysis of common value auctions isthat the other players' bids contain some 
information about the other players' signals-information that may profitably be 

used. 
1 claim that under these assumptions a second-price sealed-bid auction has a 

Nash equilibrium in which each type ti of each player i bids (a + 1)ti· 
To verify this claim, suppose that each type of player 2 bids in this way and 

type ft of player 1 bids b1. Todetermine the expected payoff of type t1 of player 1, 
we need to find the probability with which she wins, and both the expected price 
she pays and the expected value of player 2's signal if she wins. 

Probability that player 1 wins: Given that player 2's bidding function is 
(a + 1)t2, player 1's bid of b1 wins only if b1 2 (a + l)tz, or if tz ::::; 
btf (a + 1 ). Now, tz is distributed uniformly from 0 to 1, so the probabil
ity that it is at most btf (a + 1) is btf ( a + 1). Thus a bid of b1 by player 1 
wins with probability btf(a + 1). 

Expected price player 1 pays if she wins: The price she pays is equal to 
player 2's bid, which, conditional on its being less than b1, is distributed tmi
formly from 0 to b1. Thus the expected value of player 2's bid, given tlzat it is 
less than b1, is ~ b1. 

Expected value of player 2's signal if player 1 wins: Player 2's bid, given her 
signal tz, is (a + l)lz, so that the expected value of signals that yield a bid 
of less than b1 is ~btf(a + 'Y) (because of the uniformity of the distribution 
of tz). 

Now, player 1's expected payoff if she bids b1 is the difference between her 
expected valuation, given her signal t1 and the fact that she wins, and the expected 
price she pays, multiplied by her probability of winning. Combining the previous · 
calculations, player 1's expected payoff if she bids b1 is thus (at1 + ~1bd (a + 1) -
~bt)btf (a + 1 ), or 

a 
2(a + 1)2. (2(a + l)tl- bl)bl· 

This function is maximized at b1 = (a + 1 )t1. That is, if each type t2 of player 2 bids 
( a + 1) tz, any type t1 of player 1 optimally bids ( a + 1) t1. Symmetrically, if each 
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type t1 of player 1 bids (IX+ f' )t1, any type t2 of player 2 optimally bids (IX+/' )t2. 
Hence, as claimed, the game has a Nash equilibrium in which each type t1 of each 
player i bids (IX+/' )ti. 

CD EXERCISE 299.1 (Asymmetrie Nash equilibria of second-price sealed-bid common 
value auctions) Show that when IX = /' = 1, for any value of ,\ > 0 the game has 
an (asymmetric) Nash equilibrium in which each type h of player 1 bids (1 + ,\) t1 
and each type t2 of player 2 bids (1 + 1/ A)t2. 

Note that when player 1 calculates her expected value of the object, she finds 
the expected value of player 2's signal given that her bid wins. She should not base 
her bid simply on an estimate of the valuation derived from her own signaland the 
(unconditional) expectation of the other player's signal. She wins precisely when 
her bid exceeds those of the other players, so if she bids in this way, then over all 
the cases in which she wins, she more likely than not overvalues the object. A bid
der who incorrectly behaves in this way is said to suffer from the winner's curse. 
(Bidders in real auctions know this problem: when a contractor gives you a quo
tation to renovate your house, she does notbaseher price simply on an unbiased 
estimate out how much it will cost her to do the job; rather, she takes into account 
that you will select her only if her competitors' estimates are all higher than hers, 
in which case her estimate may be suspiciously low.) 

Nash equilibrium in a first-price sealed-bid auction I claim that under the assump
tions on the players' signals and valuations in Section 9.6.2, a first-price sealed
bid auction has a Nash equilibrium in which each type t1 of each player i bids 
~(IX+ f')l;. This claim may be verified by arguments like those in that section. In 
the next exercise, you are asked to supply the details. 

CD EXERCISE 299.2 (First-price sealed-bid auction with common valuations) Verify 
that under the assumptions on signals and valuations in Section 9.6.2, a first-price 
sealed-bid auction has a Nash equilibrium in which the bid of each type lt of each 
player i is i(IX + f')l;. 

Comparing equilibria offirst- and second-price auctions We see that the revenue equiv
alence of first- and second-price auctions that holds when valuations are private 
holds also for the symmetric equilibria of the examples in which the valuations 
are common. That is, the expected price paid by a player of any given type is the 
samein the symmetric equilibrium of the first-price auction as it is in the symmet
ric equilibrium of the second-price auction: in each case type t; of player i pays 
i(IX + /')t; if she wins, and wins with the same probability. 

In fact, the revenue equivalence principle holds much more generally. Sup
pose that each bidder is risk neutraland independently receives a signal from the 
same distribution, and that this distribution satisfies the conditions in Section 9.6.2. 
Then the expected payment of a bidder of any given type is the same in the sym
metric Nash equilibrium of a second-price sealed-bid auction as it is in the sym
metric Nash equilibrium of a first-price sealed-bid auction. Further, this revenue 
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equivalence is not restricted to first- and seco~d-price auctions; a general resu~t, 
encompassing a wider range of auction forms, 1s stated at the end of the append1x 

(Section 9.8). 

AUCTIONS OF THE RADIO SPECTRUM 

In the 1990s several countries started auctioning the right to use parts of the radio 
spectrum used for wireless communication (by mobile telephones, for example). 
Spectrum licenses in the United States were originally allocated on the basis of 
hearings by the Federal Communications Commission (FCC). This procedure was 
time-consuming, and a ]arge backlog developed, prompting a switch to lotteries. 
Licenses awarded by the lotteries could be resold at high prices, attracting many 
participants. In one case that drew attention, the winner of a license to run cellular 
telephones in Cape Cod sold it to Southwestern Bell for $41.5 million (New York 
Times, May 30, 1991, page Al). In the early 1990s, the U.S. government was per
suaded that auctioning licenses would allocate them more efficiently and might 

raise nontrivial revenue. 
For each interval of the spectrum, many licenses were available, each covering 

a geographic area. A buyer's valuation of a license could be expected to depend 
on the other licenses it owned, so many interdependent goods were for sale. In de
signing an auction mechanism, the FCC had many choices: for example, the bid
ding could be open, or it could be sealed, with the price equal to either the highest 
bid or the second-highest bid; the licenses could be sold sequentially, or simulta
neously, in which case participants could submit bids for individual licenses or 
for combinations of licenses. Experts in auction theory were consulted on the de
sign of the mechanism. John McMillan (who advised the FCC), writes that "When 
theorists met thc policy-makers, concepts like Bayes-Nash equilibrium, incentive
compatibility constraints, and order-statistic theorems came tobe discussed in the 
corridors of power" (1994, 146). No theoretical analysis fitted the environment 
of the auction well, but the experts appealed to some principles from the existing 
theory, the results of laboratory experiments, and experience in auctions held in 
New Zealand and Australia in the early 1990s in making their recommendations. 
The mechanism adopted in 1994 was an open ascending auction for which bids 
were accepted simultaneously for alllicenses in each round. Experts argued that 
the open (as opposed to sealed-bid) format and the simultaneity of the auctions 
promoted an efficient outcome because at each stage the bidders could see their 
rivals' previous bids for alllicenses. 

The FCC has conducted several auctions, starting with "narrowband" licenses 
(each covering a sliver of the spectrum, used by paging services) and continuing 
with "broadband" licenses (used for voice and data communications). These auc
tions have provided more employment for game theorists, many of whom have 
advised the companies bidding for licenses. In response to growing congestion of 
the airwaves and the expectation that a significant part of the rapidly growing In-
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ternet traffic will move to wireless devices, in 2000 President Bill Clinton ordered 
further auctions of large parts of the spectrum (New York Times, October 14, 2000). 
Whether the auctions that have been held have allocated licenses efficiently is hard 
to tell, though it appears that the winners were able to obtain the sets of licenses 
they wanted. Certainly the auctions have been successful in generating revenue: 
the first four generated over $18 billion. 

9.7 Illustration: juries 

9.7. 7 Model 

In a trial, jurors are presented with evidence concerning the guilt or innocence of 
a defendant. Their interpretations of the evidence may differ. Each juror assesses 
the evidence, and on the basis of her interpretation votes either to convict or acquit 
the defendant. Assurne that a unanimous verdict is required for conviction: the 
defendant is convicted if and only if every juror votes to convict her. (This rule is 
used in the United States and Canada, for example.) What can we say about the 
chance of an innocent defendant's being convicted and a guilty defendant's being 
acquitted? 

In deciding how to vote, each juror must consider the costs of convicting an 
innocent person and of acquitting a guilty person. She must consider also the 
likely effect of her vote on the outcome, which depends on the other jurors' votes. 
For example, a juror who thinks that at least one of her colleagues is likely to 
vote for acquittal may act differently from one who is sure that allher colleagues 
will vote for conviction. Thus an answer to the question requires us to consider 
the strategic interaction between the jurors, which we may model as a Bayesian 
game. 

Assurne that each juror comes to the trial with the belief that the defendant 
is guilty with probability 7r (the same for every juror), a belief modified by the 
evidence presented. We model the possibility that jurors interpret the evidence 
differently by assuming that for each of the defendant's true statuses (guilty and 
innocent), each juror interprets the evidence to point to guilt with positive prob
ability, and to innocence with positive probability, and that the jurors' interpreta
tions are independent (no juror's interpretation depends on any other juror's in
terpretation). I assume that the probabilities are the same for all jurors and denote 
the probability of any given juror's interpreting the evidence to point to guilt when 
the defendant is guilty by p, and the probability of her interpreting the evidence to 
point to innocence when the defendant is innocent by q. I assume also that a juror 
is more likely than not to interpret the evidence correctly, so that p > i and q > i, 
and hence in particular p > 1- q. 

Each juror wishes to convict a guilty defendant and acquit an innocent one. 
She is indifferent between these two outcomes and prefers each of them to one 
in which an innocent defendant is convicted or a guilty defendant is acquitted. 
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Assurne specifically that each juror's Bernoulli payoffs are: 

if guilty defendant convicted or 
innocent defendant acquitted 

if innocent defendant convicted 
if guilty defendant acquitted. 

(302.1) 

The parameterz may be given an appealing interpretation. Denote by r the prob
ability a juror assigns to the defendant's being guilty, given all her information. 
Then her expected payoff if the defendant is acquitted is -r(1- z) + (1- r) · 0 = 
-r(1- z) and her expected payoff if the defendant is convicted is r · 0- (1- r)z = 
-(1- r)z. Thus she prefers the defendant tobe acquitted if -r(1- z) > - (1- r)z, 
or r < z, and convicted if r > z. That is, z is equal to the probability of guilt re
quired for the juror to want the defendant to be convicted. Put differently, for any 

juror 
acquittal is at least as good as conviction if and only if 
Pr( defendant is guilty, given juror's information) ::; z. 

(302.2) 

We may now formulate a Bayesian gamethat models the situation. The players 
are the jurors, and each player's action is a vote to convict (C) or to acquit (Q). We 
need one state for each configuration of the players' preferences and information. 
Each player's preferences depend on whether the defendant is guilty or innocent, 
and each player's information consists of her interpretation of the evidcnce. Thus 
we define a state tobe a list (X,SJ, ... ,s11), where X denotes the defendant's true 
status, guilty (G) or innocent (I), and si represents player i's interpretation of the 
evidence, which may point to guilt (g) or innocence (b). (I do not use i for "inno
cence" because I use it to index the players; b stands for "blameless".) The signal 
that each player i receives is her interpretation of the evidence, Si. In any state in 
which X = G (i.e. the defendant is guilty), each player assigns the probability p to 
any other player 1

S receiving the signal g1 and the probability 1 - p to her receiv
ing the signal b1 independently of all other players1 signals. Similarly, in any state 
in which X = I (i.e. the defendant is innocent), each player assigns the probabil
ity q to any other player 1s receiving the signal b, and the probability 1 - q to her 
receiving the signal g1 independently of all other players1 signals. 

Each player cares about the verdict, which depends on the players1 actions and 
on the defendant's true status. Given the assumption that unanimity is required to 
convict the defendant, only the action profile ( C, ... 1 C) leads to conviction. Thus 
(302.1) implies that player i's payoff function in the Bayesian game is defined as 
follows: 

ui(a~w) = { 

0 

-z 
-(1- z) 

if a f= ( C1 ... , C) and w1 = I or 
if a = (C1 •• • ,C) and w1 = G 

if a = ( C1 • •• 1 C) and w1 = I 
if a f= (Cl ... 1 C) and w1 = G1 

(302.3) 

where w1 is the first component of the state, giving the defendant's true status. 



9.7 Illustration: juries 303 

In summary, the Bayesian game that models the situation has the following 
components. 

Players A set of n jurors. 

States The set of states is the set of alllists (X, s1, ..• , Sn) where X E { G, I} and 
Sj E {g, b} for every juror j, where X = G if the defendant is guilty, X = I 
if she is innocent, Sj = g if player j receives the signal that she is guilty, and 
Sj = b if player j receives the signal that she is innocent. 

Actions The set of actions of each player is { C, Q}, where C means vote to 
convict, and Q means vote to acquit. 

Signals The set of signals that each player may receive is {g, b} and player j's 
signal function is defined by Tj(X, s1, ... , sn) = Sj (each juror is informed 
only of her own signal). 

Be/iefs Typegof any player i believes that the state is ( G, s1, ... , sn) with proba
bility Pr(G I g)pk-1(1- p)rz-k and (I,s1, ... ,srz) with probability Pr(I I g) X 

(1- q)k-lqrz-k, where k is the number of players j (including i) for whom 
Sj = g in each case. Type b of any player i believes that the state is 
(G,sl, ... ,srz) with probability Pr(G I b)pk(1- p)n-k-1 and (I,s1, ... ,sn) 
with probability Pr(I I b)(1- q)kqn-k-1, where k is the number of players j 
for whom Sj = g in each case. 

Payoff functions The Bernoulli payoff function of each player i is given in (302.3). 

9.7.2 Nash equi/ibrium 

One juror Start by considering the very simplest case, in which there is a single 
juror. Suppose that her signal is b. Ta determine whether she prefers conviction or 
acquittal, we need to find the probability Pr( G I b) she assigns to the defendant's 
being guilty, given her signal. We can find this probability by using Bayes' rule 
(see Section 17.6.5, in particular (504.3)), as follows: 

Pr(b I G) Pr( G) 
Pr(G I b) = Pr(b I G) Pr(G) + Pr(b I I) Pr(I) 

_ (1-p)rc 
- (1-p)rr+q(1-rr)' 

Thus by (302.2), acquittal yields an expected payoff at least as high as does convic
tion if and only if 

> (1-p)rc 
z_ (1-p)rc+q(1-rc)' 

That is, after getting the signal that the defendant is innocent, the juror chooses 
acquittal as lang as z is not too small-as lang as she is too concerned about ac
quitting a guilty defendant. If her signal is g, then a similar calculation leads to 
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the conclusion that conviction yields an expected payoff at least as high as does 
acquittal if 

< pn 
z- pn+ (1- q)(1- n)' 

Thus if 
(1- p)n pn 

(1- p)n+q(1- n) ::::; z::::; pn+ (1- q)(1- n)' (304.1) 

then the juror optimally acts according to her signal, acquitting the defendant 
when her signal is b and convicting her when it is g. (A bit of algebra shows that 
the term on the left of (304.1) is less than the term on the right, given p > 1- q.) 

Two jurors Now suppose there are two jurors. Are there values for z suchthat the 
game has a Nash equilibrium in which each juror votes according to her signal? 
Suppose that juror 2 acts in this way: type b votes to acquit, and type g votes to 
convict. Consider type b of juror 1. If juror 2's signal is b, juror 1's vote has no ef
fect on the outcome, because juror 2 votes to acquit and unanimity is required for 
conviction. Thus when deciding how to vote, juror 1 should ignore the possibility 
that juror 2's signal is band assume it is g. That is, juror 1 should take as evidence 
hersignaland the fact that juror 2's signal is g. Hence, given (302.2), for type b of 
juror 1 acquittal is at least as good as conviction if the probability that the defen
dant is guilty, given that juror 1's signal is b and juror 2's signal is g, is at most z. 
This probability is 

Pr( G I b,g) 

= 

Pr(b,g I G) Pr(G) 
Pr(b,g I G) Pr(G) + Pr(b,g I I) Pr(I) 

(1- p)pn 
(1- p)pn + q(1- q)(1- n) · 

Thus type b of juror 1 optimally votes for acquittal if 

z > (1 - p) pn . 
- (1-p)pn+q(1-q)(1-rr) 

By a similar argument, for type g of juror 1 conviction is at least as good as acquittal 
if 

p2n 
z < 2 2 . - p n+(1-q) (1-n) 

Thus when there are two jurors, the game has a Nash equilibrium in which each 
juror acts according to her signal, voting to acquit the defendant when her signal 
is band to convict her when it is g, if 

( 1 - p) p 7[ < z < p2 7[ • 

( 1 - p) p 7[ + q ( 1 - q )( 1 - 7[) - p2 7[ + ( 1 - q )2 ( 1 - 7[) 
(304.2) 

Consider the expressions on the left of (304.1) and (304.2). Divide the numer
ator and denominator of the expression on the left of (304.1) by 1 - p and the nu
merator and denominator of the expression on the left of (304.2) by (1 - p) p. Then, 
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given p > 1 - q, we see that the expression on the left of (304.2) is greater than the 
expression on the left of (304.1). That is, the lowest value of z for which an equilib
rium exists in which each juror votes according to her signal is higher when there 
are two jurors than when there is only one juror. Why? Because a juror who re
ceives the signal b, knowing that her vote makes a difference only if the other juror 
votes to convict, makes her decision on the assumption that the other juror's signal 
is g, and so is less worried about convicting an innocent defendant than is a single 
juror in isolation. 

Many jurors Now suppose the number of jurors is arbitrary, equal to n. Suppose 
that every juror other than juror 1 votes to acquit when her signal is band to convict 
when her signal is g. Consider type b of juror 1. As in the case of two jurors, 
juror 1's vote has no effect on the outcome unless every other juror's signal is g. 
Thus when deciding how to vote, juror 1 should assume that all the other signals 
are g. Hence, given (302.2), for type b of juror 1 acquittal is at least as good as 
conviction if the probability that the defendant is guilty, given that juror 1's signal 
is band every other juror's signal is g, is at most z. This probability is 

P(Gib ) = Pr(b,g, ... ,giG)Pr(G) 
r ,g, ... ,g Pr(b,g, ... ,gl G)Pr(G)+Pr(b,g, ... ,gl I)Pr(I) 

(1 _ p)pn-17[ 
- (1-p)pn-1n+q(1-q)n-1(1-n)' 

Thus type b of juror 1 optimally votes for acquittal if 

z ~ 

= 

(1- p)p11 -1n + q(1- q)n-1(1- n) 

1 

q (1-q)
11

-
1
1-n' 1+-- --

1-p p 7f 

Now, given that p > 1- q, the denominator decreases to 1 as 11 increases. Thus 
the lower bound on z for which type b of juror 1 votes for acquittal approaches 
1 as n increases. (You may check that if p = q = 0.8, n = 0.5, and 11 = 12, the 
lower bound on z exceeds 0.999999.) In particular, in a large jury, if jurors care 
even slightly about acquitting a guilty defendant, then a juror who interprets the 
evidence to point to innocence will nevertheless vote for conviction. The reason is 
that the vote of a juror who interprets the evidence to point to innocence makes a 
difference to the outcome only if every other juror interprets the evidence to point 
to guilt, in which case the probability that the defendant is in fact guilty is very 
high. 

We conclude that the model of a large jury in which the jurors are concerned 
about acquitting a guilty defendant has no Nash equilibrium in which every juror 
votes according to her signal. What are its equilibria? You are asked to find the 
conditions for two equilibria in the next exercise. 
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'IJ EXERCISE 306.1 (Signal-independent equilibria in a model of a jury) Find con
ditions under which the game, for an arbitrary number of jurors, has a Nash 
equilibrium in which every juror votes for acquittal regardless of her signal, and 
conditions under which every juror votes for conviction regardless of her signal. 

Under some conditions on z the game has in addition a symmetric mixed strat
egy Nash equilibrium in which each type g juror votes for conviction, and each 
type b juror votes for acquittal and conviction each with positive probability. De
note by ß the mixed strategy of each juror of type b. As before, a juror's vote affects 
the outcome only if all other jurors vote for conviction, so when choosing an action, 
a juror should assume that all other jurors vote for conviction. 

Each type b juror must beindifferent between voting for conviction and voting 
for acquittal, because she takes each action with positive probability. By (302.2) we 
thus need the mixed strategy ß tobe suchthat the probability that the defendant is 
guilty, given that all other jurors vote for conviction, is equal to z. Now, the proba
bility of any given juror's voting for conviction is p + (1 - p) ß( C) if the defendant 
is guilty and 1- q + qß(C) if she is innocent. Thus 

Pr( G I signal b and n - 1 votes for C) 

Pr(b I G)(Pr(vote CI G)) 11
-

1 Pr(G) 
Pr(b I G)(Pr(voteC I G))n-1Pr(G)+Pr(b I I)(Pr(voteC I J))n-1Pr(I) 

(1- p)(p+ (1- p)ß(C))n-1n 
(1- p)(p + (1- p)ß(C)) 11 1n + q(1- q + qß(C)) 11 -1(1- n) · 

The condition that this probability equals z implies 

(1- p)(p + (1- p)ß(C)) 11
-
1n(1- z) = q(1- q + qß(C))n-1(1- n)z, (306.2) 

and hence 
ß(C) = pX- (1-q) 

q-(1-p)X' 

where X= [n(1- p)(1- z)/ ((1- n)qz)jll(n-l), Forarange of parameter values, 
0 ~ ß( C) ~ 1, so that ß( C) is indeed a probability. Notice that when n is !arge, X 
is close to 1, and hence ß(C) is close to 1: a juror who interprets the evidence as 
pointing to innocence very likely nonetheless votes for conviction. 

Bach type g juror votes for conviction, and so must get an expected payoff at 
least as high from conviction as from acquittal. From an analysis like that for each 
type b juror, this condition is 

p(p + (1- p)ß(C)) 11
-
1n(1- z) ~ (1- q)(1- q + qß(C)) 11 -1(1- n)z. 

Given p > ~ and q > ~' this condition follows from (306.2). 
An interesting property of t]:lis equilibrium is that the probability that an in

~ocent de~endant is convicted increases as n increases: the !arger the jury, the more 
hkely an mnocent defendant is to be convicted. (The proof of this result is not 
simple.) 
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Variants The key point behind the results is that under unanimity rule a juror's 
vote makes a difference to the outcome only if every other juror votes for convic
tion. Consequently, a juror, when deciding how to vote, rationally assesses the de
fendant's probability of guilt under the assumption that every other juror votes for 
conviction. The fact that this implication of unanimity rule drives the results sug
gests that the Nash equilibria might be quite different if less than unanimity were 
required for conviction. The analysis of such rules is difficult, but indeed the Nash 
equilibria they generate differ significantly from the Nash equilibria under una
nimity rule. In particular, the analogue of the mixed strategy Nash equilibria con
sidered earlier generates a probability that an innocent defendant is convicted that 
approaches zero as the jury size increases, as Feddersen and Pesendorier (1998) 
show. 

The idea behind the equilibria of the model in the next exercise is related to the 
ideas in this section, though the model is different. 

<[) EXERCISE 307.1 (Swing voter' s curse) Whether candidate 1 or candidate 2 is elected 
depends on the votes of two citizens. The economy may be in one of two states, A 
and B. The citizens agree that candidate 1 is best if the state is A and candidate 2 
is best if the state is B. Each citizen's preferences are represented by the expected 
value of a Bernoulli payoff function that assigns a payoff of 1 if the best candidate 
for the state wins (obtains more votes than the other candidate), a payoff of 0 if the 
other candidate wins, and payoff of ~ if the candidates tie. Citizen 1 is informed of 
the state, whereas citizen 2 believes it is A with probability 0.9 and B with proba
bility 0.1. Each citizen may either vote for candidate 1, vote for candidate 2, or not 
vote. 

a. Formulate this situation as a Bayesian game. (Construct the table of payoffs 
for each state.) 

b. Show that the game has exactly two pure Nash equilibria, in one of which 
citizen 2 does not vote and in the other of which she votes for 1. 

c. Show that an action of one of the players in the second equilibrium is weakly 
dominated. 

d. Why is "swing voter's curse" an appropriate name for the determinant of 
citizen 2's decision in the first equilibrium? 

9.8 Appendix: auctions with an arbitrary distribution of valuations 

9.8. 7 First-price sea/ed-bid auctions 

In this section I construct a symmetric equilibrium of a first-price sealed-bid auc
tion for a distribution F of valuations that satisfies the assumptions in Section 9.6.2 
and is differentiable on (Q, v). (Unlike the remainder of the book, the section uses 
calculus.) 

As before, denote the bid of type v of player i (i.e. player i when her valuation is 
v) by ßi( v ). In a symmetric equilibrium, every player uses the same bidding func-
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tion: for some function ß we have ßi = ß for every player i. A reasonable guess 
is that if such an equilibrium exists, ß is increasing: the higher a player's valua
tion, the more she bids. Under the additional assumption that ß is differentiable, I 
derive a condition that it must satisfy in any symmetric equilibrium. Exactly one 
function satisfies this condition, and this function is in fact increasing (as you are 
asked to showinan exercise). 

Suppose that all n- 1 players other than i bid according to the increasing dif
ferentiable function ß. Then, given the assumptions on F, the probability of a tie is 
zero, and hence for any bid b, the expected payoff of player i when her valuation 
is v and she bids b is 

(v- b) Pr(Highest bid is b) = (v- b) Pr( AU n- 1 other bids:::; b). (308.1) 

Now, a player bidding according to the function ß bids at most b, for ß('Q) :::; b $ 

ß(v), if her valuation is at most ß-1(b) (the inverse of ß evaluated at b). Thus the 
probability that the bids of the n- 1 other players are all at mostbis the probabil
ity that the highest of n -1 randomly selected valuations-a random variable de
noted X in Section 9.6.2-is at most ß-1 (b). Denoting the cumulative distribution 
function of X by H, the expected payoff in (308.1) is thus 

(v- b)H(ß-1(b)) if ß('Q) :::; b:::; ß(v) 

(and 0 if b < ß('Q), v- b if b > ß(v)). 
I now claim that in a symmetric equilibrium in which every player bids accord

ing to ß, we have ß(v):::; vif v > 'Q and ß('Q) = 'Q· If v > 'Q and ß(v) > v, then 
a player with valuation v wins with positive probability (players with valuations 
less than v bid less than ß(v), because ß is increasing) and obtains a negative pay
off if she does so. She obtains a payoff of zero by bidding v, so for equilibrium we 
need ß(v) :::; v whenever v > 'Q. Given that ß satisfies this condition, if ß(JZ.) > Q 

then a player with valuation Y. wins with positive probability, and obtains a nega
tive payoff if she does so. Thus ß(Y.) :::; y_. If ß(Y.) < 'Q, then players with valuations 
slightly greater than Y. also bid less than 'Q (because ß is continuous), so that a player 
with valuation 'Q who increases her bid slightly wins with positive probability and 
obtains a positive payoff if she does so, rather than obtaining the payoff of zero. 
We conclude that ß(Y.) == y_. 

Now, the expected payoff of a player of type v when every other player uses 
the bidding function ß is differentiable on (ß ß(v)) (given that ß is increasing and 
differentiable, and ß('Q) == 'Q) and, if v > 'Q, is increasing at 'Q. Thus the derivative 
of this expected payoff with respect tob is zero at any best response less than ß(v): 

-H(ß-1(b)) + (v- b)H'(ß-1(b)) = 0. 
ß'(ß-1(b)) 

(308.2) 

(The derivative of ß-1 at the pointbis 11 ß' (ß-1 (b) ).) 
In a symmetric equilibrium in which every player bids according to ß, the best 

response of type v of any given player to the other players' strategies is ß(v). Be
cause ß is increasing, we have ß( v) < ß(v) for v < v, so ß( v) must satisfy (308.2) 
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whenever Q < v < v. If b = ß(v), then ß-1 (b) = v, so that substituting b = ß(v) 
into (308.2) and multiplying by ß' ( v) yields 

ß'(v)H(v) + ß(v)H'(v) = vH'(v) for Q < v < v. 

The left-hand side ofthisdifferential equation is the derivative with respect to 
v of ß(v)H(v). Thus for some constant C we have 

ß(v)H(v) = rv xH'(x) dx + c for I!.< V< V. 
}!!. 

The function ß is bounded, so considering the Iimit as v approaches Q, we deduce 
that C = 0. 

We conclude that if the game has a symmetric Nash equilibrium in which 
each player's bidding function is increasing and differentiable on (IZ.t v), then this 
function is defined by 

J: xH'(x) dx 
ß*(v) =:' - H(v) for Q < v:::; v 

and ß* (IZ.) = Q. Now, the function His the cumulative distribution function of X, 
the highest of n - 1 independently drawn valuations. Thus ß* ( v) is the expected 
value of X conditional on its being less than v: ß*(v) = E[X I X< v], as claimed in 
Section 9.6.2. 

We may alternatively express the numerator in the expression for ß* ( v) as 
vH(v)- J~~ H(x)dx (using integration by parts), so that given H(v) = (F(v))H-1 

(the probability that n - 1 valuations are at most v), we have 

* J;~ H(x) dx J::1
(F(x)) 11

-
1 dx _ 

ß (v) = v- H(v) = v- (F(v))"-l for Y. < v:::; v. (309.1) 

In particular, ß* ( v) < v for Q < v :::; v. 
(jj) EXERCISE 309.2 (Property of the bidding function ih a first-price auction) Show 

that the bidding function ß* defined in (309.1) is increasing. 

CD EXERCISE 309.3 (Example of Nash equilibrium in a first-price auction) Verify that 
for the distribution F uniform from 0 to 1 the bidding function defined by (309.1) 
is(l-1/n)v. 

9.8.2 Revenue equivalence of auctions 

I argue at the end of Section 9.6.2 that, under the assumptions in that section, the 
expected price paid by the winner is the same in a symmetric equilibrium of a 
first-price auction as it is in the equilibrium of a second-price auction in which 
each player bids her valuation. A more general result may be established. 

Consider an auction that differs from an auction with independentprivate val
uations as defined in Section 9.6.2 only in that the price is an arbitrary continuous 
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function of the bids (not necessarily the highest or second highest bid)o Suppose 
that the auction has a syrnrnetric equilibriurn in which the cornrnon bidding func
tion ß is increasingo Assurne that every player other than i adheres to ßo Then as 
i's bid increases, the probability that it exceeds all the other players' bids increases 
continuously frorn 0 to 1. Thus i's choosing a bid is tantarnount to her choosing a 
probability of winningo Denote by e(p) her expected payrnent when her probabil
ity of winning is po Then her probability of winning in the equilibriurn solves the 
problern rnaxp(P 0 v- e(p)), where v is her valuationo Assurne that this problern 
has a unique solution, denoted p* ( v) 0 If e is differentiable, the first-order condition 
irnplies that v = r.-

1(p*(v)) if 0 < p*(v) < 1. Thus if 0 < p*(v) < 1 for all v, we 
may integrate both sides of this equation, obtaining 

e(p*(v)) = e(p*(y.)) + lv xdp*(x)o (310.1) 

Now, the cornrnon equilibriurn bidding function is increasing, so the object is sold 
to the bidder with the highest valuationo Thus p* ( v) = Pr(X < v) and the expected 
payrnent e(p* (y.)) of a bidder with the lowest possible valuation is zeroo Hence 
(31001) irnplies that the expected payrnent e(p* ( v)) of a bidder with any given val
uation v is equal to Pr(X < v)E[X 1 X< v], independent ofthe price determination 
ruleo 

This result is a special case of the rnore general revenue equivalence principle, 
which applies to a dass of cornrnon value auctions, as weil as private value auc
tions, and rnay be stated as followso 

Suppose tlzat each bidder (i) is risk neutral, (ii) independently receives n signnl 
from the snme contimwus and increasing cumulntive distrilmtion, and (iii) lzas 
a vnluntion tlwt depends continuously an nll thc biddcrs' signa/so Considcr 
nuction mechnnisms in t/ze symmetric Nnsh equilibrin of whicll tl1e objcct is 
so/cl to tlte bicicler with the higlzest signnl nncl tlzc expcctcd pnyoff of a bidder 
with tlze lowcst possible valuntion is zero. In tlzc symmctric Nas!z cquilibrium 
of any such mechanism, tlze expccted pnymcnt of r1 bidder of n11y give11 type is 
thc same, and hcnce the nuctionecr's cxpccted revcmtc is tlzc samc. 

9.8.3 Reserve prices 

The following exercise (which requires calculus) asks you to show that, in an exam
ple, a seller in a second-price sealed-bid auction can increase the cxpected selling 
price by irnposing a positive "reserve price"o (Note that the revenue equivalence 
principle does not apply to an auction with a positive reserve pricc because when 
the ~ighes~ valuation is less than the reserve price the object is not sold, and in 
parhcular 1s not sold to the bidder with the highest valuationo) 

??, EXERCISE 310.2 (Reserve prices in second-price sealed-bid auction) Consider a 
second-price sealed-bid auction with two bidders in which each bidder's valua
tion is drawn independently frorn the distribution uniform frorn 0 to 1. Suppose 
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that the seller imposes the reserve price r. That is, if both bids are less than r, the 
object is not sold (and neither bidder makes any payment), if one bid is less than 
r and the other is at least r, the object is sold at the price r, and if both bids are at 
least r, the object is sold at a price equal to the second highest bid. Show that for 
each bidder (and any value of r), a bid equal to her valuation weakly dominates all 
her other bids. For the Nash equilibrium in which each bidder submits her valua
tion, find the reserve price r that maximizes the expected price at which the object 
is sold. 

Notes 

The notion of a general Bayesian game was defined and studied by Harsanyi 
(1967 /68). The formulation I describe here is taken (with a minor change) from 
Osborne and Rubinstein (1994, Section 2.6). 

The origin of the observation that more information may hurt (Section 9.3.1) 
is unclear. The idea of "infection" in Section 9.3.2 was first studied by Rubin
stein (1989). The game in Figure 284.1 is a variant suggested by Eddie Dekel of 
the one analyzed by Morris, Rob, and Shin (1995). 

Games modeling voluntary contributions to a public good were first consid
ered by Olson (1965, Section I.D) and have been subsequently much studied. The 
model in Section 9.5 is a variant of one in an unpublished paper of William F. 
Samnelson dated 1984. 

Vickrey (1961) initiated the study of auctions described in Section 9.6. First
price common value auctions (Section 9.6.3) were first studied by Wilson (1967, 
1969, 1977). The "winner's curse" appears to have been first articulated by Capen, 
Clapp, and Campbell (1971). The general revenue equivalence principle at the 
end of Section 9.8.2 is due to Myerson (1981). The equilibria in Exercise 299.1 are 
described by Milgrom (1981, Theorem 6.3). The literatme is surveycd by Klem
perer (1999). The box on spectrum auctions on page 300 is based on McMillan 
(1994), Cramton (1995, 1997, 1998), and McAfee and McMillan (1996). 

Section 9.7 is based on Austen-Smith and Banks (1996) and Feddersen and 
Pesendorfer (1998). 

Exercise 282.1 was suggested by Ariel Rubinstein. Exercise 282.2 is based on 
Brams, Kilgour, and Davis (1993). A model of adverse selection was first stud
ied by Akerlof (1970); the model in Exercise 282.3 is taken from Samnelson and 
Bazerman (1985). Exercise 307.1 is based on Feddersen and Pesendorfer (1996). 
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Prerequisite: Chapters 4 and 5, and Section 7.6 

1-.··1HE NOTION of an extensive game with perfect information defined in Chap-
.J ter 5 models situations in which each player, whenever taking an action, is 

informed of the actions chosen previously by all players. In this chapter I dis
cuss a generalization of this notion that allows us to model situations in which 
each player, when choosing her action, may not be informed of the other players' 
previous actions. 

1 0.1 Extensivegames with imperfect information 

To describe an extensive game with perfect information, we need to specify the 
set of players, the set of terminal histories, the player function, and the players' 
preferences (see Definition 155.1). To describe an extensive game with imperfect in~ 
formation, we need to add a single item to this list: a specification of euch player's 
information about the history at every point at which she moves. Denote by Hi the 
set of histories after which player i moves. We specify player i's information by 
partitioning (dividing up) H; into a collection of injormnti011 sets. (See Section 17.2 
for the notion of a partition.) This collection is called player i's iriformation pnrti
tion. When making her decision, player i is informed of the information set that 
has occurred but not of which history within that set has occurred. 

Suppose, for example, that player i moves after the histories C, D, and E (i.e. 
Hi = { C, D, E}) and is informed only that the history is C, or that it is either D 
or E. That is, if the history C has occurred, then she is informed that C has oc
curred, whereas if either D or E has occurred, then she is informed only that either 
D or E has occurred and not C-she is not informed whether the history that has 

313 
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occurred was D or E. Then player i's information partition consists of two infor
mation sets: {C} and {D,E}. If instead she is not informed at all about which 
history has occurred, then her information partition consists of a single informa
tion set, { C, D, E}, whereas if she is informed precisely about the history, then her 
information partition consists of three information sets, { C}, { D}, and { E}. 

As before, denote the set of actions available to the player who moves after the 
history h by A(h) (see (156.1)). We allow two histories h and h' tobe in the same 
information set only if A(h) = A(h'). Why? The player who moves after any 
history must know the set of actions available after that history, so if h and h' are 
in the same information set and A(h) :f A(h'), then the player who moves at this 
information set can deduce which of these two histories has occurred by looking at 
the actions available to her. Only if A(h) = A(h') is the player's knowledge of the 
set of actions available to her consistent with her not knowing whether the history 
is h or h'. If the information set that contains h and h' is Ii, the common value of 
A(h) and A(h') is denoted A(Ii). That is, A(Ii) is the set of actions available to 
player i at her information set Ii· 

Many interesting extensive games with imperfect information contain a move 
of chance, so my definition of an extensive game, unlike my original definition 
of an extensive game with perfect information (155.1), allows for such moves. 
Given the presence of such moves, an outcome is a lottery over the set of terminal 
histories, so each player's preferences must be defined over such lotteries. 

:.· DEFINITION 314.1 (Extensive game) An extensive game (with imperfect informa
tion and chance moves) consists of 

• a set of players 

• a set of sequences (terminal histories) having the property that n~ sequence 
is a proper subhistory of any other sequence 

• a function (the player function) that assigns either a player or "chance" to 
every sequence that is a proper subhistory of some terminal history 

• a function that assigns to each history that the player function assigns to 
chance a probability distribution over the actions available after that history, 
where each such distribution is independent of every other such distribution 

• for each player, a partition (the player's information partition) of the set of 
histories assigned tothat player by the player function suchthat for every his
tory hin any given member of the partition, the set A(Jz) of actions available 
is the same 

• for each player, preferences over the set of lotteries over terminal histories. 

The simplest extensive games, in which each player moves once and no player, 
when moving, is informed of any other player's action, model situations that may 
alternatively be modeledas strategic games, as illustrated by the next example. 

';- EXAMPLE 314.2 (BoS as an extensive game) Section 2.3 considers a situation in 
which each of two people chooses whether to imbibe the pleasures of Bachorthose 
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of Stravinsky, and neither person, when choosing a concert, knows the one chosen 
by the other person. Example 18.2 models this situation as a strategic game. We 
may alternatively model it as the following extensive game, in which the play
ers choose their actions sequentially, but the second-mover is not informed of the 
choice made by the first-mover. 

Players The two people, say 1 and 2. 

Terminal histories (B, B), (B, S), (S, B), and (S, S). 

Playerfunction P(0) = 1, P(B) = P(S) = 2. 

Chance moves None. 

Information partitions Player 1's information partition contains a single infor
mation set, 0 (player 1 has a single move, and when moving she is informed 
that the game is beginning); player 2's informationpartitionalso contains a 
single information set, { B, S} (player 2 has a single move, and when moving 
she is not informed whether the history is B or S). 

Preferences As given in the description of the situation. 

This game is illustrated in Figure 315.1. As before, the small circle at the top 
of the figure represents the start of the game and each line represents an action; 
the numbers below each terminal history are Bernoulli payoffs whose expected 
values represent the players' preferences over lotteries. The dotted line connect
ing the histories B and S indicates that these histories are in the same information 
set of player 2. Note that the condition that player 2's set of actions at every his
tory within her information set be the same is satisfied: after each such history, 
player 2's set of actions is { B, S}. 

The next example shows how an extensive game may model a situation having 
a richer information structure and random events. The situation considered in the 
example is an extremely simple version of the card game poker, in which there are 
two players, one of whom is dealt a single card. 

EXAMPLE 315.1 (Card game) Each of two players begins by putting a dollar in 
the pot. Player 1 is then dealt a card that is equally likely tobe High or Low; she 
observes her card, but player 2 does not. Player 1 may see or raise. If she sees, she 

1 

B s 

2,1 0,0 0,0 1,2 

Figure 315.1 The extensive game in Example 314.2. The dotted line (with "2" above it) represents the 
fact that when moving, player 2 is not informed whether the history is B or S. That is, B and S are in 
the same information set. 
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Chance 

1,-1 See -1,1 

Raise 
2 

Raise 

Pass Meet Pass Meet 

1,-1 2,-2 1,-1 -2,2 

Figure 316.1 An extensivegamethat models the card game in Example 315.1. The number in paren
theses beside each Iabel of the moves of chance is the probability with which that move occurs. 

showsher card to player 2. (Player 2 does not have any card for player 1 to see, 
but you can imagine her holding a fixed card with value between High and Low. In 
Exercise 316.1 you are asked to consider a situation in which player 2, like player 1, 
is dealt a card.) If player 1's card is High she takes the money in the pot, and if it is 
Low player 2 takes the money in the pot; in both cases the game ends. If player 1 
raises, she adds a dollar to the pot and player 2 chooses whether to pass or meet. If 
player 2 passes, player 1 takes the money in the pot. If player 2 meets, she adds a 
dollar to the pot, and player 1 shows her card. If the card is High, player 1 takes 
the money in the pot, while if it is Low player 2 does so. 

An extensivegamethat models this situation is shown in Figure 316.1. Player 1 
has two information sets, one containing the single historyHigh and one contain
ing the single history Low. Player 2 has one information set, consisting of the two 
histories (High,Raise) and (Low,Raise). This information set reflects the fact that 
player 2 cannot observe player 1's card. Note that again the requirement that the 
set of actions at every history within an information set be the same is satisfied at 
player 2's information set. 

<D EXERCISE 316.1 (Variant of card game) Consider the following variant of the card 
game in the previous example. Initially each player puts a dollar in the pot. Then 
eaclz player is dealt a card; each player's card is equally likely tobe High or Low, in
dependent of the other player's card. Each player sees only her own card. Player 1 
may see or raise. lf she sees, then the players compare their cards. The one with the 
higher card wins the pot; if the cards are the same, then each player takesback the 
dollar she had put in the pot. If player 1 raises, then she adds $k to the pot (where 
k is a fixed positive number), and player 2 may pass or meet. If player 2 passes, then 
player 1 takes the money in the pot. If player 2 meets, then she adds $k to the pot 
and the players compare cards, the one with the higher card winning the pot; if 
the cards are the same, then each player takesback the $(1 + k) she had put in the 
pot. Modelthis card game as an extensive game. (Drawing a diagram is sufficient; 
you can avoid the need for information sets to cross histories by putting the initial 
move in the center of your diagram.) 
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Challenger 

Acquiesce Acquiesce Fight 2,4 

3,3 1,1 4,3 0,2 

Figure 317.1 An extensivegamethat models the entry game in Example 317.1. The dotted line indicates 
that the histories Ready and Unready are in the same information set. The challenger's payoff is listed 
first, the incumbent's second. 

In these examples, one of the players has an information set that contains more 
than one history. A game in which every information set of every player contains 
a single history is equivalent to an extensive game with perfect information. Thus, 
for instance, the entry game of Example 154.1 can be regarded as a general exten
sive game in which the challenger has a single information set consisting of the 
empty history, and the incumbent has a single information set consisting of the 
history In. 

The next example is a variant of the entry game in which the challenger, before 
entering, takes an action that the incumbent does not observe. 

•/ EXAMPLE 317.1 (Entry game) An incumbent faces the possibility of entry by a 
challenger, as in Example 154.1. The challenger has three choices: it may stay 
out, prepare itself for combat and enter, or enter without making preparations. 
Preparation is costly but reduces the loss from a fight. The incumbent may either 
fight or acquiesce to entry. A fight is less costly to the incumbent if the entrant 
is unprepared; but regardless of the entrant's readiness, the incumbent prefers to 
acquiesce than to fight. The incumbent observes whether the challenger enters but 
not whether an entrant is prepared. 

An extensive game with imperfect information that models this situation, given 
some additional assumptions about the players' preferences, is shown in Figure 
317.1. Each player has a single information set: the challenger's information set 
consists of the empty history, and the incumbent's information set consists of the 
two histories Ready (the challenger enters, prepared for combat) and Unready (the 
challenger enters without having made preparations). 

1 0.2 Strategies 

As in an extensive game with perfect information, a strategy for a player in a gen
eral extensive game specifies the action the player takes whenever it is her turn to 
move. In a general game, a player takes an action at each of her information sets, 
so a strategy is defined as follows. 
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>DEFINITION 318.1 (Strategy in extensive game) A (pure) strategy of player i in an 
extensive game is a function that assigns to each of i's information sets Ii an action 
in A(Ii) (the set of actions available to player i at the information set Ii). 

Consider, for example, the game in Figure 315.1 (BoS as an extensive game). 
Each player has a single information set, at whieh two actions, BandS, are avail
able. Thus each player has two strategies, BandS. In the game in Figure 316.1 (the 
card game), player 1 has two information sets, at each of which she has two actions, 
Raise and See. Thus she has four strategies: (Raise,Raise) (raise whether her card 
is High or Low), (Raise,See) (raise if the card is High, see if it is Low), (See,Raise), 
and (See, See). Player 2 has a single information set, at whieh she has two actions, 
namely Meet and Pass; thus she has two strategies, Meet and Pass. 

CD EXERCISE 318.2 (Strategies in variants of card game and entry game) Find the 
players' strategies in the games in Exercise 316.1 and Example 317.1. 

In some of the games we study, we wish to allow players to choose their ac
tions randornly. One way of doing so is to allow each player to choose a mixed 
strategy-a probability distribution over her pure strategies-as we did for Strate
giegames (see Definition 107.1). 

\> DEFINITION 318.3 (Mixed strategy in extensive game) A mixed strategy of a player 
in an extensive game is a probability distribution over the player's pure strategies. 

As before, a pure strategy may be identified with a mixed strategy that assigns 
probability 1 to the pure strategy. Given this identification, a player's set of mixed 
strategies contains her pure strategies. 

10.3 Nash equilibrium 

Having defined a strategy, the definition of a Nash equilibrium is straightforward: 
a strategy profile is a Nash equilibrium if no player has an alternative strategy that 
increases her payoff, given the other players' strategies. The following definition 
closely follows Definition 108.1. 

!.1· DEFINITION 318.4 (Nas1z equilibrium of extensive game) The mixed strategy profile 
IX* in an extensive game is a (mixed strategy) Nash equilibrium if, for each player i 
and every mixed strategy IXi of player i, player i's expected payoff to IX* is at least 
as large as her expected payoff to (1Xi, IX:_) according to a payoff function whose 
expected value represents player i's preferences over lotteries. 

As before, I refer to an equilibrium in whieh no player's strategy entails any ran
domization (i.e. every player's strategy assigns probability 1 to a single action at 
each information set) as a pure Nash equilibrium. 

One way to find a Nash equilibrium of an extensive game is to construct the 
strategie form of the game and analyze it as a strategie game, as we did for exten
sive games with perfect information (see Section 5.3). 
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EXAMPLE 319.1 (BoS as an extensive game) Eaeh player in Example 314.2 has two 
strategies, B and S. The strategie form of the game is exactly the strategic game 
BoS, as given in Figure 19.1. Thus the game has two pure Nash equilibria, (B, B) 
and ( S, 5), and a mixed equilibrium in whieh player 1 uses B with probability § 
and player 2 uses B with probability ~· 

In this example player 2, when taking an aetion, is not informed of the action 
ehosen by player 1. This laeuna in player 2's information is reflected in her infor
mation set, whieh eontains both the history B and the history S. However, even 
though player 2 is not informed of player 1's aetion, her experienee playing the 
game tells her the history (or probability distribution over histories) to expect. In 
the steady state in whieh every person who plays the role of either player ehooses 
B, for example, eaeh player knows that the other player will ehoose B. She is not 
infonned of this fact, but her long experienee playing the game leads her to the 
(correct) eonclusion about the other player's aetion. Similarly, in the steady state 
in whieh B is ehosen by a third of the people who play the role of player 2, the 
experienee of eaeh person who plays the role of player 1 leadsher to expeet her 
adversary to ehoose B with probability ~· The pointisthat a player's information 
partition reflects the information obtained from her observations of the other play
ers' aetions during a play of the game; her experienee playing the game may yield 
her more information about the other players' steady state actions. 

' EXAMPLE 319.2 (Card game) The strategieform of the eard game in Example 315.1 
is given in Figure 320.1. By inspection, we see that the game has no equilibrium 
in whieh either player's strategy is pure. Player 1's strategy (See, See) is strietly 
dominated by her mixed strategy that assigns probability i to (Raise,Raise) and 
probability i to (Raise,See). Thus it is not used with positive probability in any 
Nash equilibrium. Player l's strategy (See,Raise) is not a best response to any 
mixed strategy of player 2 that assigns positive probability to Meet, so given the 
absenee of an equilibrium in pure strategies, in all Nash equilibria player 1 ran
domizes between (Raise, Raise) and (Raise, See). The eondition that caeh player 
receive the same expected payoff from each strategy to which she assigns positive 
probability generates the conditions q = i(1- q) and -p = -i(l- p), wherc p 
is the probability playcr 1 assigns to (Raise, Raise) and q is the probability player 2 
assigns to Pass. Thus p = q == j. In conclusion, the gmne has a unique Nash equi
librium, in which player 1 assigns probability j to (Raise, Raise) and probability ~ 
to (Raise, See), and player 2 assigns probability j to Passand probability ~ to Meet. 
Player 1's equilibrium strategy implies that she always chooses Raise if her eard 
is High, and chooses Raise with probability ~ if her card is Low. That is, player 1 
"bluffs" with probability ~· 

? EXERCISE 319.3 (Nash equilibria of card game) Consider a generalization of the 
card game in Example 315.1 in which the amount added to the pot when player 1 
raises and player 2 meets is $k. (In Example 315.1, k = 1). Find the Nash equilib
rium of this game for any k > 0. How does player 1's propensity to bluff depend 
on the value of k? 
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Pass Meet 

Raise, Raise 1,-1 0,0 

Raise, See 0,0 1 1 
2' -2 

See, Raise ! 1,-1 1 1 i -2,2 

See, See i . 0,0 0,0 
I 

Figure 320.1 The strategic form of the card game in Example 315.1. 

X y 
I I 

X i 3,2 1,1 i 
y : 4,3 2,4 : 

Figure 320.2 The payoffs in the situation considered in Example 320.2. 

V EXERCISE 320.1 (Nash equilibria of variant of card game) Find the Nash equilibria 
of the game in Exercise 316.1 for 0 < k < 1 and for k > 1. How does player 1's 
propensity to bluff depend on the value of k? 

/ EXAMPLE 320.2 (Commitment and observability) Two people each have two ac
tions, X and Y. Their payoffs to the four action pairs are shown in Figure 320.2. 

First suppose that they choose actions simultaneously. The strategic gamethat 
models this situation has a unique Nash equilibrium, in which both players choose 
Y. (Note that Xis strictly dominated by Y for player 1.) 

Now suppose that the players choose their actions sequentially, player 1 first, 
and that player 2 observes player 1's action before choosing her action. That is, 
player 1 commits to her action before player 2 chooses her action. The extensive 
game with perfect information that models this situation has a single subgame 
perfect equilibrium, in which both players choose X. Player 1 is better off in this 
equilibrium than she is in the equilibrium of the simultaneous-move game. 

Finally suppose that player 1 moves first, but her action is not perfectly ob
served by player 2. If player 1 chooses X, player 2 may think she chose Y, and 
vice versa. We may model this situation as an extensive game with imperfect in
formation in which player 1's move is followed by a move of chance that selects a 
signal observed by player 2. Player 2 observes the signal, but not player 1's action. 
Assurne that the probability that the signal is correct is the same for both actions, 
and less than 1. Denote this probability by 1 - e. (Thus if player 1 chooses X, the 
signal is X with probability 1 - e and Y with probability e, and if player 1 chooses 
Y, it is Y with probability 1- e and X with probability e.) Assurne that 0 ~ e < ~· 

This extensive game, its strategic form, and its Nash equilibria are shown in 
Figure 321.1. (The strategy I J of player 2, where I and J are both either X or Y, 
means choose I after the signal X and J after the signal Y. The mixed strategy 
equilibria may be found by using the methods of Section 4.10.) We see, in particu
lar, that the game has a pure strategy Nash equilibrium (Y, YY) for all values of e 
withO::::; e < i· 
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Extensive game: 
3,2 1,1 4,3 2,4 

X y 
2 X y 

1-€ X e X 

Chance 
X 1 y 

Chance 
€ y 

2 
1-€ y 

................... 
X y X y 

3,2 1,1 4,3 2,4 

Strategie form: 
XX XY YX yy 

X 3,2 3- 2e,2- e 1 +2€, 1 + € 1,1 
y 4,3 2 + 2€,4- € 4 -2e,3+e 2,4 

Nash equilibrium strategy pairs: 

Player 1 Player 2 

X y XX XY YX yy 

0 1 0 0 0 1 
€ 1-€ 0 1 0 1-4€ 

2-4c 2-4c 
1-€ € 1-4c 1 0 0 2-4c 2-4c 

Figure 321.1 An extensive game (top) that models a situation in which the payoffs are those in Fig
urc 320.2, player 1 moves first, nnd player 2 observes an imperfect signal of player l's action. Note that 
thc cmpty history is in thc center of the game. Thc strategic form of the game is given in the middle of 
thc figurc, followcd by its Nash equilibria for 0 $ c < ! . 

In summary, the game in which player 1 moves first and her action is perfectly 
observable has a unique subgame perfect equilibrium, the outcome of which isthat 
both players choose X, whereas the game in which player l's action is observable 
with error has a pure strategy Nash equilibrium in which the outcome isthat both 
players choose Y, regardless of how small the error. 

Thus the advantage gained by the commitment entailed in being the first
mover, as reflected in the subgame perfect equilibrium of the game with perfect 
information, is completely lost in the pure strategy Nash equilibrium of the game 
in which the second player's observation of the first-mover's action is even slightly 
imperfect. Why? Suppose both player 1 and player 2 choose Y, and consider the 
implications of player 1's switching to X. In the game with perfect information, 
player 2's observation of Xis inconsistent with the equilibrium; she interprets it 
as a deviation, to which she optimally responds by choosing X, making the devi
ation worthwhile for player 1. In the game with imperfect information, player 2's 
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observation of X is consistent with the equilibrium; she interprets it as an inaccu
rate signal (regardless of how unlikely such a signal is) and continues to choose Y, 
making player 1's deviation undesirable for her. 

In Chapter 5 we saw that the notion of Nash equilibrium is not.adequate in all 
extensive games with perfect information, and I developed the notwn ?f subga.me 
perfect equilibrium to deal with the problem. How may ':"e extend th~ 1dea be~md 
subgame perfect equilibrium to the larger dass of extensive games wlth (poss1bly) 

imperfect information? 

> EXAMPLE 322.1 (Entry game) The strategic form of the entry game in Example 
317.1 is shown in Figure 322.1. We see that the game has two Nash equilibria in 
pure strategies, ( Unready, Acquiesce) and (Out, Fight). (You may verify that it has 
also mixed strategy Nash equilibria in which the challenger uses the pure strategy 
Out and the probability assigned by the incumbent to Acquiesce is at most ~.) 

Ready 
Unready 

Out 

Acquiesce 
3,3 
4,3 
2,4 

Fight 
1,1 
0,2 
2,4 

Figure 322.1 The strategic form of the entry game of Example 317.1. 

As in the version of the entry game with perfect information studied in Chap
ter 5, the Nash equilibrium (Out, Fight) is not plausible. lf in fact the challenger 
enters, the incumbent optimally acquiesces, regardless of the history that has oc
curred (i.e. regardless of whether the challenger is ready for combat). In games 
with perfect information we eliminated such equilibria by defining the notion of 
subgame perfect equilibrium, which requires that each player's strategy be opti
mal, given the other players' strategies, for every history after which she moves, 
regardless of whether the history occurs if the players adhere to their strategies. 

The natural extension of this idea to games with imperfect information requires 
that each player's strategy be optimal at each of her information sets. In the entry 
game we are studying, the implementation of this idea is straightforward. Thein
cumbent's action Fight is unambiguously suboptimal at its information set because 
the incumbent prefers Acquiesce if the challenger enters, regardless of whether the 
challenger is ready. Thus the equilibria in which the incumbent assigns positive 
probability to Fight do not satisfy the added requirement. The remaining equilib
rium, (Unready,Acquiesce), does satisfy the requirement: the incumbent chooses its 
unambiguously optimal strategy at its information set. 

The implementation of the idea in other games is less straighttorward because 
the optimality of an action at an information set may depend on the history that 
has occurred. Consider a variant of the entry game in which the incumbent prefers 
to fight than to accommodate an unprepared entrant, as illustrated in Figure 323.1. 
Like the original game, this game has a Nash equilibrium in which the challenger 
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Challenger 

Acquiesce 

3,2 1,1 4,2 0,3 

Figure 323.1 A variant of the entry game in Example 317.1 in which the incumbent prefers to fight if 
the challenger enters unprepared. The challenger's payoff is listed first, the incumbent's second. 

stays out and the incumbent fights. But given that fighting is now optimal if the 
challenger enters unprepared, the reasonableness of the equilibrium in the mod
ified game depends on the history the incumbent believes has occurred if it has 
to move. The challenger's strategy Out gives the incumbent no basis on which to 
form such a belief, so to pursue the argument we need to consider what this belief 
might be. In the next section I describe a solution for extensive games that includes 
the players' beliefs as part of an equilibrium. 

1 0.4 Beliefsand sequential equilibrium 

A Nash equilibrium of a strategic game may be characterized by two requirements: 
that each player choose her best action given her belief ab out the other players, and 
that each player's belief be correct (see page 21). The notion of equilibrium I now 
define for extensive games embodies the same two requirements, and, like the no
tion of subgame perfect equilibrium for extensive games with perfect information, 
insists that they hold at each point at which a player has to choose an action. When 
defining a Nash equilibrium of a strategic game precisely, we do not need to con
sider the players' beliefs separately from their strategies because the requirement 
that the beliefs be correct completely determines them: each player's belief about 
every other player's strategy is simply equal to that strategy. For an extensive 
game, the players' strategies may not completely determine their beliefs, as we 
have just seen in the game in Figure 323.1. Thus we are led to define a notion of 
equilibrium for pairs consisting of a strategy profile and a collection of beliefs. 

1 0.4.1 Beliefs 

We assume that at an information set that contains more than one history, the 
player whose turn it is to move forms a belief about the history that has occurred. 
We model this belief as a probability distribution over the histories in the informa
tion set. (At an information set containing a single history, the only possible belief 
assigns probability 1 to that history.) We call a collection of beliefs, one for each 
information set of every player, a belief system. 
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:". DEFINITION 324.1 A belief system in an extensive game is a function that as
signs to each information set a probability distribution over the histories in that 
information set. 

Consider, for example, the entry game of Example 317.1. This game has two 
information sets, one consisting of the empty history, and one consisting of the 
histories Ready and Unready. Thus a belief system for the game consists of a pair 
of probability distributions: one assigns probability 1 to the empty history (the 
challenger's belief at the start of the game), and the other assigns probabilities to 
the histories Ready and Unready (the incumbent's belief after the challenger enters). 

70.4.2 Strategies 

When studying Nash equilibrium in the previous section we incorporated the pos
sibility of randomization by allowing players to choose mixed strategies. In the 
current context, a different formulation is convenient. Rather than allowing a 
player to choose a probability distribution over her pure strategies, we have her 
assign to each of her information sets a probability distribution over the actions 
available at that set. We refer to such an assignment as a behavioral strategt;. 

!>- DEFINITION 324.2 (Behavioral strategy in extensive game) A behavioral strategy of 
player i in an extensive game is a function that assigns to each of i's information 
sets Ii a probability distribution over the actions in A(Ii), with the property that 
each probability distribution is independent of every other distribution. 

A behavioral strategy in which every probability distribution assigns proba
bility 1 to a single action is equivalent to a pure strategy. In all the games we 
study, mixed strategies and behavioral strategies are equivalent; I choose to use 
behavioral strategies now only because they are easier to work with. The relation 
between the two types of strategy is illustrated by two examples. 

In the game in Example 314.2 (BoS as an extensive game), each player has a 
single information set, so a behavioral strategy for each player is a single probabil
ity distribution over her actions. Thus in this game each player's set of behavioral 
strategies is identical to her set of mixed strategies. 

In the game in Example 315.1 (the card game), player 1 has two information 
sets, so a behavioral strategy for her consists of a pair of probability distributions, 
each over the set {Raise,See}. By contrast, a mixed strategy for player 1 in this 
game is a single probability distribution over the set of her four pure strategies, 
{ (Raise,Raise), (Raise, See), (See, Raise), (See, See)}. A behavioral strategy is thus 
specified by two numbers (the probabilities of Raise if player 1's card is High and if 
it is Low), while a mixed strategy is specified by three numbers. (Remember that a 
probabili.t~ ?istribution over k actions is determined by k- 1 numbers, because the 
k probabdthes must sum to 1.) In this sense a behavioral strategy is simpler than 
a mixed strategy. However, restricting a player to behavioral strategies does not 
li~it her options, in thesensethat for every mixed strategy and every !ist of strate
gtes for the other players there is a behavioral strategy that generates the same 
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probability distribution over outcomes. (This result is not limited to this game
it holds in a very wide dass of games that includes all the games studied in this 
chapter.) 

10.4.3 Equilibrium 

The notion of equilibrium I define applies to pairs consisting of a profile of behav
ioral strategies and a belief system; the following piece of terminology is conve
nient. 

~ DEFINITION 325.1 (Assessment) An assessment in an extensive game is a pair 
consisting of a profile of behavioral strategies and a belief system. 

An assessment is an equilibrium if it satisfies the following two requirements 
(which I make precise in the subsequent discussion). 

Sequential rationality Each player's strategy is optimal whenever she has to 
move, given her belief and the other players' strategies. 

Consistency of beliefs with strategies Each player's belief is consistent with the 
strategy profile. 

The requirement of sequential rationality generalizes the requirement of sub
game perfect equilibrium that each player's strategy be optimal in the part of the 
game that follows each history after which she moves, given the strategy profile, 
regardless of whether this history occurs if the players follow their strategies. In 
the more general context of an extensive game, sequential rationality requires that 
each player's strategy be optimal in the part of the game that follows each of her in
formation sets, given the strategy profile and given tl1e player's belief about the l!istory 
in the information set that has occurred, regardless of whether the information set is 
reached if the players follow their strategies. 

Consider, for example, the game in Figure 326.1. Suppose that player 1's strnt
egy (indicated by the black branches) selects E at the start of the game and J after 
the history ( C, F), and player 2's belief at her information set (indicated by the 
numbers in brackets) is that the history C has occurred with probability ~ and 
the history D has occurred with probability ~· Sequential rationality requires that 
player 2's strategy be optimal at her information set, given the subsequent behav
ior specified by player 1's strategy, even though this set is not reached if player 1 
follows her strategy. Player 2's expected payoff in the part of the game starting 
at her information set, given her belief, is ~ · 0 + ~ · 1 = ~ to her strategy F and 
~ · 1 + ~ · 0 = ~ to her strategy G. Thus sequential rationality requires her to select 
G. Sequential rationality requires also that player 1's strategy be optimal at each of 
her two (one element) information sets, given player 2's strategy. Player 1's opti
mal action after the history ( C, F) is J; if player 2' s strategy is G, her optimal actions 
at the start of the game are D and E. Thus given player 2's strategy G, player 1 has 
two optimal strategies, D J and EJ. 
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E 

2,0 

J K 0,1 1,1 2,0 

3,0 0,3 

Figure 326.1 A game illustrating the sequential rationality requirement on an assessment. Given 
player l's strategy, indicated by the black branches, and player 2's belief, given by the numbers in 
brackets at the end of the histories C and D, player 2's expected payoff to G exceeds her expected 
payoff to F, so that her optimal action is G. 

Now let (ß, fl) be an assessment in an arbitrary game (i.e. let ß be a profile 
of behavioral strategies and fl a belief system), and let I; be an information set 
of player i. Denote by 0 11 (ß, fl) the probability distribution over terminal histories 
that results if each history in Ii occurs with the probability assigned to it by i's belief 
fli (which is not necessarily the probability with which it occurs if the players ad
here to ß), and subsequently the players adhere to the strategy profile ß. (Compare 
this definition with that of 01z ( s) for an extensive game with perfect information 
(see page 165). For the information set { C, 0} and the strategy of player 1 and 
belief of player 2 indicated in the game in Figure 326.1, the probability distribution 
assigns probability ~ to the terminal history ( C, F,!) and probability ~ to (D, F) if 
player 2 uses the strategy F, and probability ~ to ( C, G) and probability ~ to ( D, G) 
if she uses the strategy G.) 

We can now state precisely the sequential rationality requirement: for each 
player i and each of her information sets I;, her expected payoff to OI1(ß,Jl) is at 
least as large as her expected payoff to 011( ( 'Yil ß-;), tl) for each of her behavioral 
strategies 'Yi· 

The requirement that each player's belief be consistent with the strategy pro
file is new, though forms of it are implicit in the definitions of Nash equilibrium 
and subgame perfect equilibrium. The idea isthat in a steady state, each player's 
belief must be correct: the probability it assigns to any history must be the proba
bility with which that history occurs if the players adhere to their strategies. The 
implementation of this idea is Straightforward at an information set reached with 
positive probability if the players follow their strategies, but is unclear at an in
formation set not reached if the players follow their strategies. Every history in 
such an information set has probability 0 if the players follow their strategies, but 
if such an information set is reached, the player who moves there must believe that 
some history has occurred. We deal with this difficulty by allowing the player who 
moves at such an information set to hold any belief at that information set. 
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Thus we formulate the consistency requirement to restriet the belief system 
only at information sets reached with positive probability if every player adheres 
to her strategy. Precisely, we require that the probability assigned to every history 
h* in such an information set by the belief of the player who moves there be equal 
to the probability that h* occurs according to the strategy profile, conditional on 
the information set's being reached. Denoting the information set by Ii and the 
strategy profile by ß, by Bayes' rule (Section 17.6.5) this probability is 

Pr(h* according to ß) 
LhEI; Pr(h according to ß) · 

(327.1) 

Consider again the game in Figure 326.1. If player 1's behavioral strategy as
signs probability 1 to the action E at the start of the game, the consistency require
ment places no restriction on player 2's belief because player 2's information set is 
not reached if player 1 adheres to her strategy. If player 1's action at the start of the 
game assigns positive probability to C or D, however, the consistency requirement 
bites. lf player 1's strategy assigns probability p to C and probability q to D, so 
that Pr(C according to ß) = p and Pr(D according to ß) = q (where ß is the strat
egy profile), then (327.1) implies that player 2's belief assigns probability p I (p + q) 
to C and probability q I (p + q) to D. In particular, if player 1 chooses D with prob
ability 1, then player 2's belief must assign probability 0 to C and probability 1 
to D. 

"/ EXAMPLE 327.2 (Consistent beliefs in BoS as an extensive game) In the game in 
Example 314.2, for every strategy of player 1, player 2's information set is reached 
with probability 1, so the consistency condition restricts player 2's belief in every 
assessment. The condition simply requires that player 2's belief assign toB and S 
the probabilities with which player 1 chooses these actions. That is, in this game 
consistency requires that player 2's belief always be correct. The same is true for 
any game in which all the players move simultaneously (no player knows any 
other player's action when making her move) . 

..- EXAMPLE 327.3 (Consistent beliefs in card game) Consider the game in Exam
ple 315.1. Ifplayer 1's strategy selects See whether her card is High or Low, the con
sistency condition does not restriet player 2's belief, because player 2's information 
set is not reached. For every other strategy of player 1, the condition determines 
player 2's belief. Denote the probability that player 1 chooses Raise if her card 
is High by PH and the probability she chooses Raise if her card is Low by PL· Then 
Pr( (High, Raise) according to ß) = ~ PH and Pr( (Low, Raise) according to ß) = ~ PL, 
so by (327.1), the consistency requirement isthat player 2's belief assign probabil
ity PHI (PH + pL) to the history Handprobability pd(PH + pL) to the history L. 

EXAMPLE 327.4 (Consistent beliefs in entry game) In the games in Figures 317.1 
and 323.1, denote by PR, pu, and Po the probabilities the challenger assigns to 
Ready, Llnready, and Out. If po = 1, the consistency condition does not restriet the 
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incumbent's belief. Otherwise, the condition requires that the incumbent assign 
probability PRI(PR + pu) toReadyandprobability Pui(PR + pu) to Urzready. 

In summary, the notion of equilibrium I use for extensive games is defined 
precisely as follows. 

> DEFINITION 328.1 (Weak sequerztial equilibrium) An assessment (ß, fl) (consisting 
of a behavioral strategy profile ß and a belief system fl) is a weak sequential 
equilibrium if it satisfies the following two conditions. 

Sequential rationality Each player's strategy is optimal in the part of the game 
that follows each of her information sets, given the strategy profile and her 
belief about the history in the information set that has occurred. Precisely, 
for each player i and each information set Ii of player i, player i's expected 
payoff to the probability distribution Or;(ß, Jl) over terminal histories gener
ated by her belief Jli at Ii and the behavior prescribed subsequently by the 
strategy profile ß is at least as large as her expected payoff to the probability 
distribution OI;( ( ''(i, ß-i), fl) generated by her belief Jli at Ii and the behav
ior prescribed subsequently by the strategy profile ('yi, ß -i), for each of her 
behavioral strategies "fi· 

Weak consistency of beliefs with strategies For every information set Ii reached 
with positive probability given the strategy profile ß, the probability assigned 
by the belief system to each history h* in Ii is given by (327.1). 

The game in Figure 326.1 illustrates this notion of equilibrium. As we have 
seen, in this game player 1's strategy EJ is sequentially rational given player 2's 
strategy G, and player 2's strategy G is sequentially rational given the beliefs in
dicated in the figure and player l's strategy EJ. Further, the belief is consistent 
with the strategy profile (EJ, G), because this profile does not lead to player 2's 
information set. Thus the game has a weak sequential equilibrium in which the 
strategy profile is (EJ, G) and player 2's belief is the one indicated in the figure 
(or any other belief for which G is optimal). Now consider the strategy profile 
(D J, G). Player l's strategy is sequentially rational given player 2's strategy, and 
player 2's strategy is sequentially rational given her belief and player l's strategy. 
But player 2's belief is not consistent with the strategy profile. The only consistent 
belief assigns probability 1 to D, which makes player 2's action F, rather than G, 
optimal. Thus the game has no weak sequential equilibrium in which the strategy 
profileis (DJ,G). 

In an extensive game with perfect information, only one belief system is 
possible-that in which every player believes at each information set that the sin
gle compatible history has occurred with probability 1. Thus the condition of se
quential rationality in such a game is the same as the optimality condition on a 
strategy profile in a subgame perfect equilibrium. Thus 

irz an extensive game with perfect irzformation, the strategy profilein arzy weak 
sequential equilibrium is a subgame perfect equilibrium. 
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In a general extensive game, the requirement of sequential rationality implies, 
in particular, that each player's strategy is optimal at the beginning of the game, 
given the other players' strategies and the player's belief about the history at each 
information set. Further, the consistency requirement implies that each player's 
belief about the history is correct at any information set reached with positive prob
ability when the players follow their strategies. Thus if an assessment is a weak 
sequential equilibrium, then each player's strategy in the assessment is optimal at 
the beginning of the game, given the other players' strategies. That is, 

the strategy projile in arzy weak sequential equilibrium is a Nash equilibrium. 

To find the weak sequential equilibria of a game, we may use a combination of 
the techniques for finding subgame perfect equilibria of extensive games with per
fect information and for finding Nash equilibria of strategic games. Consider, for 
example, the game in Figure 326.1. The sequential rationality requirement implies 
that in any weak sequential equilibrium player 1 chooses J after the history ( C, F). 
Now we can consider two cases. 

• Does the game have a weak sequential equilibrium in which player 1 chooses 
E? If player 1 chooses E, player 2's belief is not restricted by consistency, 
so we need to ask (a) whether any strategy of player 2 makes E optimal 
for player 1, and, if so, (b) whether there is a belief of player 2 that makes 
any such strategy optimal. We see that E is optimal if and only if player 2 
chooses F with probability at most ~. Any such strategy of player 2 is opti
mal if player 2 believes the history is C with probability ~' and the strategy 
of choosing F with probability 0 is optimal if player 2 believes the history 
is C with any probability of at least ~· We conclude that an assessment is a 
weak sequential equilibrium if player 1's strategy is EJ and player 2 either 
chooses F with probability at most ~ and believes that the history is C with 
probability ~~ or chooses G and believes that the history is C with probability 
at least i. 

• Does the game have a weak sequential equilibrium in which player 1 chooses 
C and/or D with positive probability? Denote the probability player 1 as
signs to C by p and the probability she assigns to D by q. In such an equi
librium, player 2's belief is constrained by consistency to assign probability 
p/(p + q) to C and probability q!(p + q) to D. Thus Gis optimal if p > q, 
Fis optimal if p < q, and any mixtureisoptimal if p = q. Now, if player 2 
chooses G, the only optimal strategy of player 1 that assigns positive prob
ability to C or D assigns probability 1 to D, so that q = 1, making G not 
optimal for player 2. If player 2 chooses F, player 1's only optimal action 
at the start of the game is C, making F not optimal for player 2. If player 2 
chooses a mixture of Fand G, then player 1 must assign the same probability 
to both C and D, and hence must choose D with positive probability, which 
is incompatible with the fact that her expected payoff to D is less than her 
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expected payoff to E. Thus the game has no weak sequential equilibrium in 
which player 1 chooses C and/ or D with positive probability. 

We conclude that in every weak sequential equilibrium of the game, player l's 
strategy is EJ and player 2 either chooses F with probability at most ~ and believes 
that the history is C with probability ~, or chooses G and believes that the history 
is C with probability at least ~· (Another method of finding these equilibria is to 
find all the Nash equilibria of the game, and then check which of these equilibria 
are associated with weak sequential equilibria.) 

EXAMPLE 330.1 (Weak sequential equilibria of entry game) As we saw in Exam
ple 322.1, the entry game of Example 317.1 has two pure strategy Nash equilibria, 
(Unready,Acquiesce) and (Out,Figlzt). Consider the first equilibrium. Consistency 
requires that the incumbent believe that the history is Unready at its information 
set, making Acquiesce optimal. Thus the game has a weak sequential equilibrium in 
which the strategy profile is ( Unready, Acquiesce) and the incumbent's beliefisthat 
the history is Unready. Now consider the second equilibrium. Regardless of the in
cumbent's belief at its information set, Figlzt is not an optimal action in the remain
der of the game-for every belief, Acquiesce yields a higher payoff than does Fight. 
Thus no assessment in which the strategy profile is (Out, Figlzt) is both sequen
tially rational and consistent, so that the game has no weak sequential equilibrium 
in which the strategy profile is (Out, Fight). 

The games in Examples 314.2 (BoS as an extensive game) and 315.1 (the card 
game) have no Nash equilibria in which some information set is not reached, 
so that for each game the set of strategy profiles that appear in weak sequential 
equilibria is equal to the set of Nash equilibria. 

Why "weak" sequential equilibrium? The consistency condition's limitation 
to information sets reached with positive probability generates, in some games, 
a relatively large set of equilibrium assessments, some of which do not plausibly 
correspond to steady states. Consider, for example, the game in Figure 331.1, a 
variant of the entry game in Figure 323.1 in which Ready is better than Unrcady 
for the challenger regardless of the incumbent's action. This game has a weak 
sequential equilibrium in which the challenger's strategy is Out, the incumbent's 
strategy is F, and the incumbent believes at its information set that the history is 
Unready. In this equilibrium the incumbent believes that the challenger has chosen 
Unready, although this action is dominated (by Ready) for the challenger. Thus the 
incumbent's belief does not seem reasonable. 

Notions of equilibrium that impose strenger consistency conditions narrow 
down the set of equilibrium outcomes in some games. One notion, sequential 
equilibrium, is widely used. However, the consistency condition it imposes is 
not straightforward, and the notion does not in any case eliminate all implausi
ble equilibria-for example, it does not eliminate the equilibrium of the game in 
Figure 331.1 in which the challenger chooses Out. Further, in many games the 
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Challenger 

4,2 1,1 3,2 0,3 

Figure 331.1 A variant of the entry game in Figure 323.1 in which Ready is better than llllrendy for the 
challenger regardless of the incumbent's action and the incumbent prefers Figllt to Acquiesce only if the 
challenger is unprepared, but there is a weak sequential equilibrium in which the challenger stays out 
and the incumbent fights. The players' strategies in this equilibrium are indicated by the black lines; the 
probabilities the incumbent's belief assigns to each history in its information set are shown in brackets. 

1, 1,1 

3,3,2 0,0,0 4,4,0 0,0, 1 

Figure 331.2 The game in Exercise 331.1 (Selten's horse). 

set of weak sequential equilibria is not large and does not include implausible as
sessments. For these reasons I work with weak sequential equilibrium and do not 
consider "refinements" of this notion. 

'?.: EXERCISE 331.1 (Selten's horse) Find the weak sequential equilibriu of the gume 
in Figure 331.2 in which each player's strutegy is pure. (Find the pure strutegy 
Nash equilibriu, then determine which is purt of a weak sequential equilibrium. 
The name of the game comes from the person who first studied it, and its shape.) 

CD EXERCISE 331.2 (Weak sequential equilibrium and Nash equilibrium in subgames) 
Consider the variant of the game in Figure 331.1 shown in Figure 332.1, in which 
the challenger's initial move is broken into two steps. Show thut this game has u 
weak sequential equilibrium in which the players' actions in the subgume follow
ing the history In do not constitute a Nash equilibrium of the subgame. 

1 0.5 Signaling games 

In many interactions, information is "asymmetric": some parties are informed 
about variables that affect everyone, and some parties are not. In one interest
ing dass of situations, the informed parties have the opportunity to take actions 
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Challenger 

4,2 1,1 3,2 0,3 

Figure 332.1 A variant of the entry game in Figure 331.1 in which the challenger's decision is broken 
into two steps. 

observed by the uninformed parties before the latter take actions that affect ev
eryone. In some circumstances, the informed parties' actions may "signal" their 
information. 

Suppose, for example, that an employer can observe whether a job applicant 
has a college degree, but not her ability, and that a person of high ability may 
obtain a degree at low cost, while one of low ability may do so only at high cost. 
Then the fact that a person has a degree may signal to an employer that she has 
high ability-not because college teaches any skills, but because only high-ability 
individuals find obtaining a degree worthwhile, given the cost. (I return to this 
example in Section 10.7.) 

In a general two-player "signaling game", asender is informed about a variable 
relevant to both her and a receiver (or set of receivers), who is uninformed. The 
sender takes an action observed by the receiver, who then takes an action that 
affects them both. Depending on the way in which the message and the receiver's 
action affect the parties, the sender may want to limit or distort the information 
her signal conveys. 

Such a situation may be modeled as an extensive game in which the sender 
has several possible "types", each corresponding to a value of the variable about 
which she is informed. The value she observes, and thus her type, are determined 
by chance. The receiver does not observe the sender's type, but sees an action 
she takes, and then herself takes an action. A simple example is given by another 
variant of the entry game. 

·· EXAMPLE 332.1 (Entry as a signaling game) Achallenger contests an incumbent's 
turf. The challenger is strong with probability p and weak with probability 1 - p, 
where 0 < p < 1; it knows its type, but the incumbent does not. The challenger 
may either ready itself for battle or remain unready. (It does not have the option of 
staying out.) The incumbent observes the challenger's readiness, but not its type, 
and. chooses whether to fight or acquicsce. An unready challenger's payoff is 5 if 
the Incumbent acquiesces to its entry. Preparations cost a strong challenger 1 unit 
of payoff and a weak one 3 units, and fighting entails a loss of 2 units for each 
type. The incumbent prefers to fight (payoff 1) rather than to acquiesce to (payoff 
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4,2 2,-1 2,0 0,1 

A F Incumbent A F 
........................ 

Ready 
p Chance 1-p 

Ready 
Challenger 

Strang Weak 
Challenger 

Unready Unready 
Incumbent 

•••• 0 •• 0 ••••••• 0. 0 •••••• 

A F A F 

5,2 3,-1 5,0 3,1 

Figure 333.1 The game in Example 332.1. The empty history is in the center of the diagrmn. Thein
cumbent's actions are A (acquicsce) and F (fight). The challenger's payoff is listcd first, thc incumbent's 
second. 

0) a weak challenger (who is quickly dispensed with), and prefers to acquiesce to 
(payoff 2) rather than to fight (payoff -1) a strong one. 

The extensive game in Figure 333.1 models this situation. Note that the empty 
history is in the center of the diagram. The first move is made by chance, which 
determines the challenger's type. Both types have two actions, Ready and Unready, 
so that the challenger has four strategies. The incumbent has two information sets, 
at each of which it has two actions (A and F), and thus also has four strategies. 

I now find the pure weak sequential equilibria of this game. First note that a 
weak challenger prefers Unready to Ready regardless of the incumbent's actions
even if the incumbent acquiesces to a ready challenger and fights an unready one, 
the challenger prefers to be unready. Thus in any weak sequential equilibrium 
a weak challenger chooses Llnready. I consider each possible action of a strong 
challenger in turn. 

Strong challenger chooses Ready Both the incumbent's information sets are 
reached, so the consistency condition restricts its belief at each set. At 
the top information set, the incumbent must believe that the history was 
(Strmzg, Ready), and hence choose A. At the bottom information set it must 
believe that the history was (Wenk, llnready), and hence choose F. Thus if 
the challenger deviates and chooses llnready if it is strong, then it is worse 
off-it obtains the payoff of 3 rather than 4. We conclude that the game has 
a weak sequential equilibrium in which the challenger chooses Ready when it 
is strong and Unready when it is weak, and the incumbent acquiesces when it 
seesReady and fights when it sees Unready. 

Strangchallenger chooses U11rendy At its bottom information set, the incumbent 
believes, by consistency, that the historywas (Strang, Unready) with probabil
ity p and (Weak, Unready) with probability 1 - p. Thus its expected payoff to 
A is 2p and to Fis - p + 1 - p = 1 - 2p. Hence A is optimal if p 2': i and Fis 
optimal if p :::; ~. 
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Suppose that p 2: i and the incumbent chooses A in response to llnready. 
A strong challenger that chooses llmeady obtains the payoff of 5. If it switches 
to Ready its payoff is less than 5 regardless of the incumbent's action. Thus if 
p 2 i, then the game has weak sequential equilibria in which both types 
of challenger choose llnready and the incumbent acquiesces to an unready 
challenger. The incumbent may hold any belief about the type of a ready 
challenger, and, depending on its belief, may fight or acquiesce. 

Now suppose that p ::; ! and that the incumbent chooses F in response 
to llnready. A strong challenger that chooses llnready obtains the payoff of 3. 
If it switches to Ready its payoff is 2 if the incumbent fights and 4 if it acqui
esces. Thus for an equilibrium the incumbent must fight a ready challenger. 
If it believes that a ready challenger is weak with high enough probability (at 
least~), fighting is indeed optimal. Is such a belief possible in an equilibrium? 
Yes: the consistency condition does not restriet the incumbent's belief upon 
observing Ready because this action is not taken when the challenger follows 
its strategy to choose llnready regardless of its type. Thus if p ::; t the game 
has a weak sequential equilibrium in which both types of challenger choose 
llnready, the incumbent fights regardless of the challenger's action, and as
signs probability of at least~ to the challenger's being weak if it observes that 
the challenger is ready for battle. 

In summary, the game has two sorts of weak sequential equilibrium. 

• The challenger chooses Ready if it is strong and Unready if it is weak. The 
incumbent believes that a ready challenger is strong and an unready one is 
weak and acquiesces to a ready challenger and fights an unready one. 

• The challenger chooses llnready regardless of its type. The incumbent believes 
that an unready challenger is strong with probability p. If p 2: ! the game has 
equilibria in which the incumbent acquiesces to an unready challenger, holds 
any belief about the type of a ready challenger, and takes whatever action is 
optimal, given its belief, if the challenger is ready. If p ::; t the game has 
equilibria in which the incumbent fights all challengers and believes a ready 
challenger is strong with probability at most ~· 

This example illustrates two kinds of pure strategy equilibrium that may exist 
in signaling games. 

Separating equilibrium Each type of the sender chooses a different action (in 
the first sort of equilibrium in the example, a strong challenger chooses Ready 
and a weak challenger chooses llmeady), so that upon observing the sender's 
action, the receiver knows the sender's type. 

Pooling equilibrium All types of the sender choose the same action (in the sec
ond sort of equilibrium in the example, both types of challenger choose lln
ready), so that the sender's action gives the receiver no clue to the sender's 
type. 
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If thesender has more than two types, mixtures of these types of equilibrium may 
exist-the set of types may be divided into groups, within each of which all types 
choose the same action and between which the actions are different. 

? EXERCISE 335.1 (Pooling and separating equilibria in a signaling game) Consider 
agamethat differs from the one in Figure 333.1 only in the payoffs to the terminal 
histories (Weak,Ready,A) and (Weak,Ready,F). For what values of these payoffs, 
if any, does the game have a weak sequential ("separating") equilibrium in which 
a strong challenger chooses Ready and a weak one chooses Unready? For what 
values of these payoffs, if any, does the game have a weak sequential ("pooling") 
equilibrium in which both types of challenger choose Unready? 

? EXERCISE 335.2 (Sir Philip Sydney game) Same young animals expend energy 
begging for food from their parents-they squawk and bleat and scream, some
times extravagantly. Can we expect these demands to signal their needs accu
rately? Consider the following signaling game. (The rationale for its name, due 
to its originator, the distinguished evolutionary biologist John Maynard Smith, is 
given in the Notes at the end of the chapter.) 

A hungry parent has a piece of food that it may give to its offspring, or keep for 
itself. It does not detect whether its offspring is hungry. In either case, the offspring 
may signal that it is hungry to its parent (by squawking, for example). An animal 
is stronger and thus produces moreoffspring (i.e. has a higher "biological fitness") 
if it gets the food than if it does not. Normalize the parent's strength if it keeps the 
food tobe 1, and denote its strength if it gives the food to its offspring by S < 1. 
If the offspring does not squawk, its strength is 1 if it gets the food, V < 1 if it 
is not hungry and does not get the food, and 0 if it is hungry and does not get 
the food. If the offspring squawks, its strength is multiplied by the factor 1 - t, 
where 0 ::; t ::; 1 (i.e. squawking may be costly). Denote the degree to which 
the parent and offspring are related by r, and take each player's payoff tobe its 
strength plus r times the other player's strength. Evolutionary pressure willlead 
to behavior for each player that maximizes that player's payoff, given the other 
player's behavior. (For more on evolutionary games, see Chapter 13.) The gamc is 
shown in Figure 336. 1. 

Find the conditions on r, in terms of S, V, and t, under which the game has a 
separating equilibrium in which the offspring squawks if and only if it is hungry 
and the parent gives it the food if and only if it squawks. Show that if the off
spring's payoff from obtaining the food when it is quiet exceeds its payoff from not 
obtaining it, whether or not it is hungry (which means that r < (1- V)/(1- S)), 
then the game has such an equilibrium only if t > 0. That is, in this case an equilib
rium exists in which the signal is accurate only if the signal is costly. Show that if 
r < (1 - S) I (1 - (1 - p) V), then the game has a pooling equilibrium in which the 
offspring is always quiet and the parent always keeps the food. (For some other 
parameter values, the game has a pooling equilibrium in which the offspring is 
always quiet and the parent always gives the food.) 
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r,1 1-t+rS,S+r(1-t) (1-t)V+r,1+rV 1-t+r5,S+r(1-t) 

Keep Give Keep Give 

Parent 

Squawk Squawk 
p Chance 1- p 

Offspring +----------<>--------+ Offspring 
Hungry Not hzmgry 

Qu~ Qu~ 
Parent 

Keep Give Keep 

r,1 1+rS,S+r V+r,1+rV 1+r5,S+r 

Figure 336.1 The Sir Philip Sydney game (Exercise 335.2). The empty history is in the center of the 
diagram. The offspring's payoff is listed first, the parent's second. 

1 0.6 Illustration: conspicuous expenditure as a signal of quality 

Why do some firms sponsor sporting events? Hereis an explanation. The qual
ity of some goods cannot be detected before the goods are consumed, and some 
firms sell goods of low quality while others sell goods of high quality. A consumer 
will purchase from a firm repeatedly once she detects goods of high quality, but 
will not buy low-quality goods more than once. Thus a purveyor of high-quality 
goods gains more from a consumer's sampling its wares than does a dealer in low
quality merchandise. Consumers may therefore deduce that it is worthwhile only 
for sellers of high-quality goods to sponsor sporting events-the potential benefit 
does not exceed the cost for low-quality firms-so that conspicuous expenditure is 
a sure sign of a high-quality firm, and lack thereof the mark of a low-quality firm. 
A high-quality firm is thus nudged into sports sponsorship. 

Does this argumentstand up to careful examination? Suppose that with prob
ability rr a firm is one that produces goods of quality H > 0 and with probabil
ity 1- rr one that produces goods of quality L = 0. (Note that the firm does not 
choose its quality.) The cost of producing a good of quality His CJ-I > 0 and that of 
producing a good of quality 0 is CL= 0. 

A consumer interacts with the firm over two periods. In the first period, the 
firm chooses a price p1 for its output and an amount E ;::: 0 to spend conspicuously, 
for example, sponsoring sporting events. The expenditure E has no effect on the 
quality of the good. The consumer observes E and p1, but not the quality of the 
good, and decides whether to purchase the good. If she makes no purchase, the 
interaction ends; her payoff is 0 and the firm's is - E. If she makes a purchase, she 
learns the quality of the good, the firm chooses a price pz for the second period, 
and she decides whether to purchase the good again. In any period in which she 
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purchases the good her payoff is v- p, where v is the quality of the good and p is 
the price, and her total payoff is the sum of her payoffs in the two periods. (Thus 
the consumer is willing to purchase the low-quality good in either period only if 
its price is zero.) The firm's payoff is p1 - E - c1, where I is either L or H, if it 
sells to the consumer only in the first period, and p1 + P2 - E - 2c1, if it sells to 
the consumer in both periods. (Note that the expenditure E occurs only in the first 
period.) 

Assurne that H- CH > 0, so that at the highest price the consumer is willing 
to pay for the high-quality good (namely H), this good yields the firmapositive 
pro fit. 

The structure of an extensive game that models this situation is shown in Fig
ure 337.1. In this figure only one of the possible pairs (p1, E) of first-period actions 
for the firm is indicated, and the range of second-period prices P2 is indicated by 
the shaded triangles. 

Consider the equilibria of this game. In the second period the players are fully 
informed. Thus the consumer buys the good in this period only if its price is at 
most equal to its quality. A price equal to H yields the high-quality firm a profit, so 
in an equilibrium a high-quality firm charges p~ = H and the consumer buys the 
good; the firm's payoff is H- eH and the consumer's payoff is 0. The profit of a 
low-quality firm is 0 independent of its price: if the price is positive the consumer 
does not purchase the good, and if it is zero the firm's profit is zero regardless of 
whether the consumer purchases the good. Thus any second-period price p~ 2: 0 
for a low-quality firm is compatible with equilibrium. 

(p1, E) 
Ft------< 

H 'TC 

Chance c: 

L 1 - 'TC 

F 
(pl, E) 

F 

Refrain 

-E,O 

Refrain 

Pl- E -cH,H- Pt 

Buy 

Refrain 

Pl - E -CL, L- Pl 

Figure 337.1 An outline of an extensive game that models a firm that signals its quality by sponsoring 
sporting events. The firm is denoted "F", and the consumer "C". Only one of the firm's actions (p1, E) 
is shown. The firm's payoffs are Jisted first, the consumer's second. 
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I claim that under some conditions the whole game has a (separating) weak 
sequential equilibrium in which a producer of high-quality goods spends money 
in the first period1 while a producer of low-quality ones does not. Consider the 
following assessment. 

Firm1s strategy Choose (pi-h 1 E*) in the first period and Hin the second period 
after any history in which chance chooses H1 and choose (0 1 0) in the first 
period and any nonnegative price in the second period after any history in 
which chance chooses L. 

Consumer's belief The consumer believes that the historywas H if and only if 
the (price1 expenditure) pair (p 1 E) observed in the first period satisfiEs p :S 
pH* and E = E*. 

Consumer1
S strategy Buy the good in the first period if and only if the (pricel 

expenditure) pair (p1 E) satisfies p ::; pi-h and E = E*, and buy it in the 
second period if and only if either the history starts with Hand the second
period price is at most H 1 or the history starts with Land the second-period 
price is 0. 

Note that the consumer 1
S belief in this assessment is extreme: unless she ob

serves an expenditure of exactly E* in the first period
1 
she concludes that the firm 

is low quality. If the firm follows its strategy1 the consumer observes a first-period 
action of either (pH*~E*) or (010). The consistency condition implies that if she 
observes (pH*, E*)~ then she must believe that the firm is high quality

1 
whereas if 

she observes (0~ 0) 1 then she must believe that it is low quality but does not restriet 
her belief after any other observation. The extreme belief I have specified makes 
a profitable deviation by a high-quality firm as difficult as possible

1 
because any 

deviation causes the consumer to believe that the firm is low quality. 
Under what conditions is this assessment a weak sequential equilibrium? The 

players
1 

beliefs are consistent by construction1 so we need to check only that each 
player

1
s strategy is sequentially rational. 

Firm The firm
1

s strategy is sequentially rational if and only if neither type of firm 
can increase its expected payoff1 given the consumet 1S strategy and belief. 

Type H lf the firm chooses (pH*1 E*) its profit is pl-h +H-E*- 2cH1 if it 
chooses (pl E*) with p < pl-h its profit is p +H-E* - 2CH1 and if it 
chooses any other (price1 expenditure) pair its profit is 0 (the consumer 
believes it is low quality and does not purchase the good). Thus for 
equilibrium we need 

pl-h +H-E* -2cH 2 0. 

Type L If the firm chooses any (p1 E) with E :f E* or E = E* and p > pH* 1 
then the consumer believes it is low quality

1 
so that its profit is 0. If it 

chooses any (P~ E*) with p ::; lh I then the consumer believes it is high 
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quality and purchases the good in the first period, yielding it a profit of 
p - E*. Thus for equilibrium we need 

Consumer lf she observes (p, E*) with p :::; pH*, she believes the firm is high 
quality, so that her expected payoff is H - pfh if she buys the good, and 0 if 
she does not. Thus for an equilibrium in which she buys the good if and only 
if the (price, expenditure) pair (p, E*) satisfies p :::; pfh, we need 

H- pH* 2:0. 

lf she observes any other (price, expenditure) pair (p, E), she believes the 
firm is low quality, so that her expected payoff is 0- p if she buys the good 
and 0 if she does not, so that she optimally does not buy the good. 

In summary, the assessment is a weak sequential equilibrium if and only if 

(339.1) 

lf H 2: 2cH, there exist pairs (pH*, E*) with E* > 0 that satisfy this condition 
(see Figure 339.1), and thus weak sequential equilibria in which a high-quality firm 
spends conspicuously (on sporting events, for example). The firm does so because 
if it does not, then the consumer believes it to be low quality, and hence does not 
buy its good in the first period, does not find out that it is high quality, and thus 
does not buy its good in the second period. Eliminating the expenditure saves the 
firmE*, but it costs it H- 2cH in lost profit. Imitating the high-quality firm is not 
worthwhile for the low-quality one because the cost E* of doing so exceeds the 
resulting increase in its profit of pfh (the first-period revenue from selling at the 
price pH*). 

1 
E* 

H -2CH 

0 

Figure 339.1 The shaded area is the set of pairs (pH*, E*) satisfying (339.1). For any pair in the set, the 
game has a weak sequential equilibrium in which a firm of type H chooses (pfh, P). 
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We see that two features of the interaction are important in generating the re
sult. First, a high-quality firm obtains a benefit from attracting a consumer beyond 
the period in which it makes the expenditure-the consumer purchases the good 
in the second period. If there were no repeat purchases, then a low-quality firm, by 
imitating a high-quality one, could induce the consumer to patronize it and thus 
obtain the same revenue as does a high-quality firm. Given that the low-quality 
firm's unit cost is lower than that of a high-quality firm, imitation would pay. Sec
end, the consumer does not purchase the good in the first period if it observes the 
(price, expenditure) pair chosen in equilibrium by a low-quality firm. If it did pur
chase the good in this case, a high-quality firm could dispense with its conspicuous 
expenditure and still obtain the benefit of repeat business because the consumer, 
having purchased its good expecting it tobe of low quality, would discover that it 
is in fact of high quality. If the consumer does not purchase from the low-quality 
firm, why does this firm exist? The important pointisthat a high-quality firm loses 
some business when it imitates a low-quality one. lf we modify the model by as
suming a variety of consumers, some of whom optimally patronize the low-quality 
firm at the price it charges and some of whom do not, the qualitative feature of the 
separating equilibria is retained. 

Though the game has a separating equilibrium if (339.1) is satisfied, it also has 
pooling equilibria, which you are invited to study in the following exercise. 

0 EXERCISE 340.1 (Pooling equilibria of game in which expenditure signals quality) 
Find weak sequential equilibria of the game in which each type of firm chooses the 
same (price, expenditure) pair in the first period. 

10.7 Illustration: education as a signal of ability 

Why are you obtaining a college degree? Because you think that the principles you 
learn in your courses will prepare you for the day when you run IBM or preside 
over Italy? Possibly-but there may be another reason. Perhaps nothing you learn 
in college has any bearing on the job you expect to take, bu t you need to get a 
degree to prove to potential employers that your ability is high. How does your 
obtaining a degree prove this point? Because the cost to persans of low ability 
of obtaining the degree is much higher than it is for you (they will take longer, 
and find the process painful), so that such persans cannot profitably imitate you. 
Thus a college degree signals high ability, even if colleges do nothing to fester 
that ability: employers know that a recipient of a college degree must have high 
ability because only for such a person is it worthwhile to obtain a degree. If the 
cost of achieving high proficiency in freestyle Snowboarding were much lower for 
a person with the skills valued by IBM or the ltalian citizenry than for someone 
without the skills, a certificate attesting tothat achievement could be your ticket to 
a rewarding job. But it is not, so you are in college. 

Hereisa simple model we can use to study this logic. A worker's ability, which 
is either H or L < H, is known to her but not to either of two potential employers. 

- I 
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w1 - e/H,H- w1,0 

Worker 
e Wz 

w2 - e/H,O,H- w2 

H 7T 

Chance Firms · 

L l-7T 

Worker 
e 

Wz- e/L,O,L- Wz 

Figure 341.1 An outline of an extensivegamethat models a worker that signalsher ability to a pair of 
firms by acquiring education. The diagram shows only one of the possible education Ievels e the worker 
may obtain. The firms' wage offers are made simultaneously. The worker's payoffs are listcd first, the 
firms' second and third. 

The worker chooses the amount e of education to obtain, then the firms, observing 
e, simultaneously offer wages w1 and w2, and finally the worker chooses one of 
the wage offers. Assurne that education is less expensive to obtain for a worker 
of high ability than it is for a worker of low ability. Specifically, assume that the 
cost to a worker of ability K of obtaining e units of education is e/ K, so that the 
payoff of such a worker who obtains e units of education and takes a job paying 
w is w - e I K. The payoff of a firm that pays a worker of ability K the wage w is 
K- w. The extensivegamethat corresponds to this model is given in Figure 341.1. 

I claim that the game has a weak sequential equilibrium in which a high-ability 
worker chooses a positive amount of education. Consider the following assess
ment, in which e* is a positive number. 

Worker's strategy Type H chooses e = e* and type L chooses e = 0; after observ
ing the firms' wage offers, both types choose the highest offer if they diffet; 
and that of firm 1 if they are the same. 

Firms' belief Each firm believes that a worker is type H if she chooses e* and 
type L otherwise. 

Firms' strategies Each firm offers the wage H to a worker who chooses e* and 
the wage L to a worker who chooses any other value ofe. 

The firms' beliefs are consistent with the worker's strategy. (No worker chooses 
an education leveldifferent from e* and 0, so the consistency condition imposes no 
restriction on the firms' beliefs after observing such a level.) 
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I now find conditions on the parameters under which the players' strategies are 
sequentially rational. 

Worker The worker's strategy of accepting the highest wage offer at the end of 
the game is clearly optimal. Now consider the worker's initial action. 

Type H A type H worker obtains the payoff H - e* I H if she follows her 
strategy and chooses the education level e*, and the payoff L - e I H if 
she chooses any other education level e. The education level 0 achieves 
the highest payoff, of L, for a deviant, so for equilibrium we need H -
e* IH ~ L, or 

e* s; H(H- L). 

Type L A type L worker obtains the payoff L if she follows her strategy and 
chooses the education level 0. If she chooses any education level other 
than e* she obtains the same wage, and pays a cost, so such a deviation 
is not profitable. If she chooses the education level e*, then the firms 
believe her abilitytobe H, and she obtains the payoff H-e* I L. Thus 
for equilibrium we need 

e* ~ L(H- L). 

Firms Each firm's payoff is 0, given its belief and its strategy. If it raises the wage 
it offers in response to any value of e, its expected profit is negative, given its 
belief, and if it lowers the wage its expected profit remains zero (its offer is 
not accepted). 

In summary, the assessment is a weak sequential equilibrium if and only if 

L(H- L) :::; e* :::; H(H- L). 

I have assumed that H > L, so the left-hand side of this expression is less than the 
right-hand side, and hence values of e* satisfying the expression exist. That is, for 
any values of H and L, the game has separating equilibria in which high-ability 
workers obtain some education, whereas low-ability ones do not. Education has 
no. effect on the workers' productivity; a high-ability worker obtains it to avoid 
bem~ labeled low in ability by potential employers. 

L1ke several of the signaling games we have studied, this game has also pooling 
equilibria, in which both types of worker obtain the same amount of education. 
That is, the model is consistent both with a steady state in which only high-ability 
workers obtain education and with one in which all workers do so. 

?"' E.XERCISE 342.1 (Pooling equilibria of game in which education signals ability) 
Fmd the range of education levels e for which the game has a weak sequential 
equilibrium in which both types of worker choose the education level e. Campare 
these levels with those possible in a separating equilibrium. 
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10.8 Illustration: strategic information transmission 

You research the market for new products and submit a report to your boss, who 
decides which product to develop. Your preferences differ from those of your 
boss: you are interested in promoting the interests of your division, whereas she is 
interested in promoting the interests of the whole firm. What do you tell her? 

If you report the results of your research without distortion, the product she 
will choose will not be best for you. Can you do better by distorting or obscuring 
the fruits of your research? If you systematically distort your finding, then your boss 
will be able to unravel your report and deduce your actual findings, so obfuscation 
seems a more promising raute. 

To study the issues precisely, consider the following model. Asender (you) ob
serves the state t, a nurober from 0 to 1 (the result of your research), that a receiver 
(your boss) cannot see. Assurne that the distribution of the state is uniform: for any 
nurober z from 0 to 1, the probability that t is at most z is z. The sender submits 
a report r, a number, to the receiver, who observes the report and takes an action 
y, also a number. Both thesender and receiver care about the relation between the 
state t and the receiver's action y, and neither is affected directly by the value of 
the sender's report r. Specifically, assume that 

Sender's payofffunction: -(y- (t + b)) 2 

Receiver's payoff function: -(y- t) 2, 

where b (the sender's "bias") is a fixed positive nurober that reflects the divergence 
between the sender's and receiver's preferences. These functions are shown in 
Figure 343.1. Note that a receiver who believes that the state ist optimally chooses 
y = t, whereas the best action for the sender in this case is y = t + b. The game is 
illustrated in Figure 344.1. 

10.8.1 Perfeetinformation transmission? 

Consider the possibility of an equilibrium in which the sender accurately reports 
the state she observes-that is, her strategy is r(t) = t for all t. Given this strategy, 
the consistency condition requires that the receiver believe (correctly) that the state 
is t when the sender reports t, and hence for any report t optimally chooses the 

Receiver: 
-(y- t)2 

I 

t+ b y----) 

Sender: 
-(y-(t+b))2 

\ 
Figure 343.1 The players' payoff functions when the state ist in the game of strategic information 
transmission. The nurober b is a positive constant. 
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-(y- (t + b)) 2 , -(y- t) 2 

-(y- (t' + b)) 2, -(y- t') 2 

Figure 344.1 An outline of an extensivegamethat models strategic information transmission. Only 
two of the possible states (t and t') and one possible report of thesender are shown. The sender's payoff 
is listed first, the receiver's second. 

action t (the maximizer of -(y- t)2). Is the sender's strategy a best response to 
this strategy of the receiver? Not if b > 0! Suppose the state is t. If the sender 
reports t, the recei ver chooses y = t, so tha t the send er' s pa yoff is - ( t - ( t + b) )2 = 
-b

2
. If instead she reports t + b, the receiver believes the state ist+ band chooses 

Y = t + b, so that the sender's payoff is -(t + b- (t + b)) 2 = 0. If b > 0 the 
sender is thus better off reporting t + b when the state is t. So unless the sender's 
and receiver's preferences are identical, the game has no equilibrium in which the 
sender accurately reports the state. 

A similar argument shows that for b > 0 the game has no equilibrium in which 
the sender's strategy is any increasing function or any decreasing function. If the 
sender's strategy is such a function r and r(t) = t', the consistency condition re
quires that upon observing the report t', the receiver believe that the state is t, so 
that the receiver optimally takes the action t. As before, asender who observes t is 
thus better off reporting t + b. 

10.8.2 No information transmission? 

Now consider the possibility of an equilibrium in which the sender's report is 
constant, independent of the value of the variable she observes-say r(t) = c for 
all t. Such a report conveys no information; the consistency condition requires 
that if the receiver observes the report c, her belief must remain the same as it 
was initially, namely that the state is uniformly distributed from 0 to 1. Given 
this belief, her optimal action is y = ~. (This claim should be plausible, given the 
symmetry ofthebelief and the shape ~f the receiver's payoff function. If you know 
calculus, you may verify the claim precisely.) 

The consistency condition does not constrain the receiver's belief about the 
state upon her receiving areportdifferent from c, because such a report does not 
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occur if the sender follows her strategy. Assurne that the receiver completely ig
nores the sender's report: her belief remains the same as it was originally for every 
value of the report. Then the receiver's optimal action is y = ~ whatever report 
she receives. That is, the sender's report has no effect on the action chosen by 
the receiver, so that the strategy r for which r(t) = c for all t is optimal for the 
send er. 

In summary, for every value of b the game has a weak sequential equilibrium 
in which the sender's report conveys no information (it is constant, independent of 
her type) and the receiver ignores the report (she maintains herinitialbelief about 
the state, regardless of the report) and takes the action y = ~· If bis small, then this 
equilibrium is not very attractive. If b < ~' then for some states there is an action 
different from ~ that is better for both the sender and the receiver, and the smaller 
is b, the larger the set of states for which such increases in payoffs are possible. (If 
b = i, for example, then for any t with 0 :::; t < !, both thesender and the receiver 
are better off if the receiver's actionist + b than if it is i·) 

1 0.8.3 Sameinformation transmission? 

Does the game have equilibria in which some information is transmitted? Suppose 
that the sender makes one of two reports, depending on the state. Specifically, 
suppose that if 0 :::; t < t1 she reports r1 and if t1 :::; t :::; 1 she reports rz i= r1. 

Consider the receiver's optimal response to this strategy. If she sees the report 
r1, she knows that the state t satisfies 0 :::; t < ft; given her initial belief that the 
s.tate is uniformly distributed from 0 to 1, the consistency condition requires that 
she now believe that the state is uniformly distributed from 0 to t1. Her optimal 
action given this belief is y = i t1• (As before, this claim should be plausible given 
the symmetry and shape of the receiver's payoff function; it may be verified using 
calculus.) Similarly, if the receiver sees the report rz she believes that the state 
is uniformly distributed from h to 1, and chooses the action y = i (t1 + 1), The 
consistency condition does not restriet the receiver's belief if she sees a report other 
than r1 or r2. Assurne that foreachsuch rcport the receiver's belief is one of the two 
beliefs she holds if she sees 1'1 or 1'2, so that her optimal response to every report is 
either itt or i (t1 + 1). 

Now, for equilibrium we need thc sender's report r1 tobe optimal if 0 :::; t < 
t1 and her report r2 to be optimal if t1 :::; t :::; 1, given thc receiver's strategy. 
By changing her report, thesender can change the receiver's action from ~t1 to 
~ ( ft + 1), or vice versa. Thus for the report r1 tobe optimal for the send er in every 
state t with 0 :::; t :::; t1, she must like the action i t1 at least as much as the action 
~(t1 + 1), and for the report r2 tobe optimal in every state t for which t1 :::; t :::; 1 
she must like the action i(tl + 1) at least as much as the action it1. In particular, 
in state t1 the sender must be exactly indifferent between the two actions, as in 
Figure 346.1. This indifference implies that ft +bis midway ~t1 and ~(tl + 1), or 
t1 + b = H~tl + ~(tl + 1)], so that 

(345.1) 
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Figure 346.1 A value of 11 suchthat in state 11 thesender is indifferent between the receiver's actions 
~ l1 and ! (II + 1 ). The black curve is the sender's payoff function in state 11. The gray curve on the left 
is the sender's payoff function in a state less than 11; she prefers ! t1 to ! (11 + 1). The gray curve on the 
right is the sender's payoff function in a state greater than l1; she prefers ! ( l1 + 1) to ! lt. 

We need t1 > 0, so that this condition can be satisfied only if b < i· That is, if 
b 2': !, then the game has no equilibrium in which thesender makes two different 
reports, depending on the state. Put differently, there is no point in the receiver's 
asking the sender to submit a report if her preferences diverge sufficiently from 
those of the sender-she should simply take the best action for herself given her 
prior belief. 

I claim that (345.1) is not only necessary for an equilibrium, but also sufficient. 
That is, if t1 satisfies (345.1), then in every state t with 0 ::; t < t1 the sender 
optimally reports r1 and in every state t with t1 ::; t ::; 1 she optimally reports 
r2 =I r1. This optimality follows from the shapes of the payoff functions; it is 
illustrated in Figure 346.1, in which the gray curves are the payoff functions of 
senders in states less than t1 (left) and greater than t1 (right). 

In conclusion, if b < !, then the game has a weak sequential equilibrium in 
which thesender transmits two different reports, depending on the state: for 0 :S 
t < t1 she submits one report and the receiver takes the action ih, and for t1 :S 
t ::; 1 she submits a different report and the receiver takes the action i (t1 + 1). 

This equilibrium is better for both the receiver and the sender (before she ob
serves the state) than the one in which no information is transmitted. Consider the 
receiver. (An analogaus argument may be made for the sender.) In the equilib
rium in which no information is transmitted, she takes the action i in all states, so 
that her payoff in each state t is - ( i - t )2. In the equilibrium we have just found, 
in which the sender transmits two different reports depending on the state, her 
payoffis -(~tl- t) 2 for 0::; t < t1 and -(i(t1 + 1)- t)2 for ft ::; t < 1. 

<D EXERCISE 346.1 (Comparing the receiver's expected payoff in two equilibria) Plot 
the receiver's payoff as a function of t (from 0 to 1) in each equilibrium. Given 
that the distribution of the state is uniform, the receiver's expected payoff in an 
equilibrium is the negative of the area between the horizontal axis and the func
tion that gives the payoff in that state. Show that the receiver's payoff is greater 
in the two-report equilibrium than it is in the equilibrium with no information 
transmission. 
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70.8.4 How much information transmission? 

For b < !, does the game have equilibria in which more information is transmitted 
than in the two-report equilibrium? Consider the possibility of an equilibrium in 
which the sender makes one of K reports, depending on the state. Specifically, 
suppose that the sender's report is r1 if 0 ~ t < t1, r2 if t1 ~ t < t2, ... , rK if 
tK-1 ~ t ~ 1, where ri f= rj whenever i f= j. For convenience, let t0 = 0 and 
tK = 1. 

The analysis follows the lines of that for the two-report equilibrium. If the 
receiver observes the report rkl then the consistency condition requires that she 
believe the state tobe uniformly distributed from tk_1 to tk, so that she optimally 
takes the action i(tk_1 + tk)· If she observes areportdifferent from any rk, the 
consistency condition does not restriet her belief; assume that her belief in such a 
case is the belief she holds upon receiving one of the reports rk· 

Now, for equilibrium we need the sender's report rk tobe optimal when the 
state is t with tk_1 ~ t < tk, for k = 1, ... , K. As before, a sufficient condition for 
optimality is that in each state tk, k = 1, ... , K, thesenderbe indifferent between 
the reports rk and rk+l' and thus between the receiver's actions !(tk_1 + tk) and 
i (tk + tk+1). This indifference implies that tk +bis equal to the average of i (tk-1 + 

tk) and i(tk + tk+1): 

which is equivalent to 
tk+1 - tk = tk- tk-1 + 4b. 

That is, the interval of states for which the sender's report is rk+l is Ionger by 4b 
than the interval for which the report is rk. The length of the first interval, from 0 
to t1, is t1, and the sum of the lengths of all the intervals must be 1, so we need 

t1 + (t1 + 4b) + .. · + (ft + (K -1)b) = 1 

or 

Kt1 +4b(1 +2+ · · · + (K -1)) = 1. 

Using the fact that the sum of the first 11 positive integers is in(n + 1), the equation 
is 

Kt1 + 2bK(K -1) = 1. (347.1) 

If bissmall enough that 2bK(K -1) < 1, there isapositive value of h that satisfies 
the equation. 

Suppose, for example, that ;h ~ b < f:z. Then the inequality is satisfied for 
K ~ 3, so that in the equilibrium in which the most information is transmitted 
thesender chooses one of three reports. From (347.1), we have t1 = ~ - 4b and 
hence t2 = ~ - 4b in this equilibrium. For b = ;h, the equilibrium values of t1 (~) 
and t2 ( i) are illustrated in Figure 348.1, and the equilibrium action y taken by the 
receiver, as a function of the state t, is shown in Figure 348.2. (I have chosen this 
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~ (t2 + 1) 1 
.. I ... 
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-(y- (tz + b))z 
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Figure 348.1 The values of t1 and t2 in a three-report equilibrium in the model of strategic information 
transmission for b = ~, the mostinformative equilibrium for this value of b. In state t1 thesender is 
indifferent between the receiver's actions ~ t1 and ! (t 1 + t2 ), andin state tz she is indifferent between 
the receiver's actions! (t 1 + tz) and ~ (t 1 + 1). 

value of b because it allows the diagram to clearly show the equilibrium. Note that 
if b were any smaller, a four-report equilibrium would exist.) The values of the 
reports rk do not matter, as long as no two are the same. We may think of them as 
words in a language; the receiver's long experience playing the game teaches her 
that rk means "the state is between tk_1 and tk"· 

In summary, if there isapositive value of t1 that satisfies (347.1), then the game 
has a weak sequential equilibrium in which the sender submits one of K different 
reports, depending on the state. For any given value of b, the largest value of K 
for which an equilibrium exists is the largest value for which 2bK(K- 1) < 1. If 
2bK(K -1) = 1, then, using the quadraticformula, we have K = ~ (1 + )1 + 2/b). 
Thus, in particular, the larger the value of b, the smaller the largest value of K pos
sible in an equilibrium. That is, the greater the difference between the sender's and 
receiver's preferences, the coarser the information transmitted in the equilibrium 

l 
y 

~ (tz + 1) i 

I 

0 

/ / 

Y =t+b // 
/ / 

// y = t 
/ / 

/ / 
/ / 

t -) 1 

Figure 348.2 The receiver's action y, as a function of the stnte t, in n three-report equilibrium of the 
game of Strategieinformationtransmission for b = 2~, the mostinformative cquilibrium for this value 
of b. The dashed gray lines show thc action optimal in each stntc for the sendcr (top) and receiver 
(bottom). 
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with the largest number of steps-the "most informative" equilibrium. I claim 
that the equilibrium that yields the receiver the highest payoff is the most infor
mative one, and this equilibrium is also best for the sender before she observes the 
state. You should find this claim plausible, though some calculations are needed 
to verify it. 

7 0.8.5 Summary on strategic information transmission 

When a receiver takes an action based on an unverifiable report about the state 
supplied by a sender, and the sender's and receiver's preferences diffet~ no equi
librium exists in which the sender accurately reports the state. Regardless of the 
difference between the sender's and receiver's preferences, an equilibrium exists 
in which the sender's report is independent of .the state, so that no information 
is transmitted. If the sender's and receiver's preferences are sufficiently similar, 
there arealso equilibria in which thesender makes one of several reports, depend
ing on the state; the maximal number of reports possible in an equilibrium is larger 
the more similar the parties' preferences. The equilibrium with the maximal num
ber of reports is better for both parties (before the state is known) than all other 
equilibria. 

7 0.8.6 Delegation 

Is there a better way for the receiver to make a decision? Consider the alternative 
of delegation: the receiver lets the sender choose the action. No reports, no obfus
cation; the sender simply chooses the best action for herself-in each state t she 
chooses the action t + b. 

Campare this outcome with the outcome ofthebest equilibrium for the receiver 
if she acts on the basis of a report by the sender. For b = 14, the outcome, as a 
function of the state, for the three-report equilibrium (the best equilibrium for this 
value of b) is given in Figure 348.2, where the dashed line y = t + b indicates the 
outcome of delegation. 

Which outcome does the receiver prefer? Under delegation, the distance be
tween the outcome and the receiver's favorite action is exactly b in every state. 
Thus the receiver's payoff in every state is -b2. In the three-report equilibrium of 
the game in which the receiver solicits information from the sender, the outcome 
for most states is further than b from the receiver's favorite action; only for states 
within b of !h, !(t1 + t2), or !(t2 + 1) is it closer to the receiver's favorite action 
that is the outcome of delegation. If that does not convince you that the receiver 
prefers the outcome of delegation to the outcome of the three-report equilibrium, 
take a look at Figure 350.1. This figure plots the receiver's payoffs in the two cases, 
for each state. The horizontalline labeled -b2, very close to the axis, is the re
ceiver's payoff in each state under delegation. The scalloped curve is her payoff in 
each state in the three-report equilibrium. The state is distributed uniformly from 
0 to 1, so the receiver's expected payoff under delegation is the negative of the area 



350 Chapter 1 o. Extensive Games with lmperfect Information 

- rl __ ..._ ____ rz ____ ,. .. _______ r3 -------+-

t---t 1 

Figure 350.1 The receiver's payoff, as a function of the state t, in a three-report equilibrium of the game 
of information transmission and under delegation for b = fi· The negative of the shaded area is the 
receiver's expected payoff in the three-report equilibrium, and the negative of the area between the 
horizontalline -b2 and the horizontal axis is her expected payoff und er delegation. 

of the very slim reetangle between the axis and the line -b2, while her expected 
payoff in the three-report equilibrium is the negative of the shaded area above the 
scalloped line. Which is !arger? You do not need to make an exact calculation to 
be sure that the receiver prefers the outcome under delegation! 

I have analyzed only a single value of b, namely i4. For smaller values of b, 
the loss from both delegation and the mostinformative equilibrium of the game 
of information transmission is smaller, but delegation remains superior. For !arger 
values of b, the loss from both outcomes is !arger. Delegation remains better than 
the mostinformative equilibrium in the game of information transmission as long 
as b < /3/6 (approximately 0.29). (Calculus is needed to check this cutoff.) As we 
have seen, for b 2: ~ the mostinformative equilibrium in the game of information 
transmission is not informative at all: the sender sends the same report in every 
state. Thus if the sender's preferences are close enough to the receiver's that the 
receiver benefits from consulting the sender, she is better off simply delegating the 
decision rather than soliciting a report. The directive "do what you want" yields a 
better outcome for the receiver than does "tell me what I should do" because the 
quality of the information induced by the latter is so low. 

CD EXERCISE 350.1 (Variant of model with piecewise linear payoff functions) Con
sider the variant of the game of strategic information transmission in which the 
sender's payoff function is -ly- (t + b)l and the receiver's payoff function is 
-ly- ti (where lxl denotes the absolute value of x). That is, in each state t each 
payoff function has the shape shown in Figure 71.1, with a peak at t + b for the 
receiver and a peak at t for the sender. How do the k-report weak sequential 
equilibria ofthisvariant of the model differ from those of the original model? 

'V EXERCISE 350.2 (Pooling equilibrium in a general model) Consider a generaliza
tion of the game of strategic information transmission (Figure 344.1) in which the 
distribution of states is arbitrary and each player's payoff is an arbitrary function 
of y and t (but, as before, is independent of r). Assurne that there exists an ac
tion, say y*, that maximizes the receiver's expected payoff given the distribution 
of states. Show that any such game has a weak sequential equilibrium in which 
the receiver chooses the same action, regardless of the signal. 
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1 0.9 Illustration: agenda control with imperfect information 

The U.S. Hause of Representatives assigns to committees the task of formulating 
modifications of the law. The bills proposed by committees are considered by the 
legislature under one of several rules, ranging from the "closed rule" (or "gag 
rule"), under which the legislature may either accept or reject the proposed bill 
but may not amend it, to the "open rule", under which any amendment may be 
made. (The Rules Committee determines how each bill is handled.) In general, the 
preferences of a committee differ from those of the entire legislature. What is the 
rationale for restricting the actions the legislature may take? 

If we treat the legislature and the committee as single players with well-defined 
preferences, and assume that the legislature is perfectly informed about the envi
ronment, an analysis of the open rule is straightforward: the Jegislature simply 
chooses the billthat is best according to its preferences, ignoring the committee's 
proposal. A model of the closed rule is studied in Section 6.1.3. In general, the 
equilibrium outcome in this case is not the legislature's favorite bill. Thus under 
perfect information the legislature has no reason to adopt the closed rule. 

But of course if the legislature is perfectly informed, it has no reason to assign 
the drafting of laws to a committee to begin with. If it is not perfectly informed, 
then a committee has a role: it can discover the "state of the world" and propose 
legislation to fit. In this environment, a committee whose preferences differ from 
those of the legislature has an incentive to report distorted information, and the 
rules under which proposed legislation is considered may affect the degree of dis
tortion. Are there circumstances under which the closed rule produces an outcome 
better for the legislature than the open rule? 

Consider the following model, which follows closely the one in the previous 
section (10.8). The desirability of a bill depends on the state t, a number from 0 to 
1, which the committee, but not the legislature, observes. Assurne that the distri
bution of the state is uniform: for any number z from 0 to 1, the probability that 
t ::::; z is z. After observing the state, the committee recommends a billr (a number) 
to the legislature. Under the open rule, the legislature may then choose any bill it 
wishes. Under the closed rule, it is restricted to either accept r or reject it, in which 
case the outcome is the status quo yo. Assurne that in state t the legislature's fa
vorite bill is y = t, and the committee's favorite bill is y = t + b, where bis a fixed 
positive number. Specifically, assume that 

Committee's payofffunction: -(y- (t + b))2 

Legislature's payoff function: - (y- t) 2
, 

where y is the bill passed by the legislature. 

10.9.1 Open rufe 

Under the open rule, the model is identical to the one in the previous section (10.8), 
with the committee as sender and the legislature as receiver. Thus we know that if 
b > 0, then in an equilibrium the committee's report obscures its information, the 
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more so the larger b. We also know the character ofthebest (and most informative) 
equilibrium for the legislature. In this equilibrium for b = ~' for example, the 
committee sends one of three different reports, as illustrated in Figures 348.1 and 
348.2. 

70.9.2 Closed rufe 

Under the closed rule, the legislature retains the power to veto, but not otherwise 
to amend, the legislation proposed by the committee, in which case the outcome is 
the fixed status quo Yo· From Section 10.8.6 we know that if the legislature simply 
delegates the choice of legislation to the committee, the outcome is better for both 
the legislature and the committee than the outcome ofthebest equilibrium under 
the open rule, assuming that the legislature's and committee's preferences do not 
diverge so much that the legislature would be better off making the decision itself. 
The closed rule is close to delegation, but the legislature retains the right to veto 
the proposed legislature in favor of the status quo. Does the legislature benefit 
from retaining this vestige of control? 

The game for the closed rule is illustrated in Figure 353.1. The legislature opti
mally exercises its option to choose y0 if it prefers this outcome to the committee's 
proposal. In particular, if the committee proposes its favorite bill y = t + b for all 
values oft (as it does under delegation), then the legislature optimally exercises its 
option whenever Yo- b :S t :S Yo + b, or equivalently whenever t- b :S Yo :S t + b. 
(Refer to Figure 353.2.) Given this response of the Iegislature, the committee's pro
posal of t + b is not optimal for t with y0 < t < y0 + b: the proposal t + b leads to 
the outcome yo, and hence the payoff -(y0 - (t + b)) 2 < -b2, but if the committee 
recommends the bill t + 2b, then the legislature accepts it, giving the committee 
the higher payoff -(t + 2b- (t + b))2 = -bz. Thus in no equilibrium does the 
committee propose its favorite bill in all states. 

If the status quo Yo satisfies b < y0 < 1 - 3b, however, I claim that the game 
has an equilibrium in which the committee recommends its favorite bill in all states 
except those between Yo - b and y0 + b, and between y0 + b und Yo + 3b. The bill 
proposed by the committee (and accepted by the legislature) in this equilibrium is 
shown in Figure 354.1. It is defined precisely as follows: 

t+b 
Yo 
Yo +2b 
Yo +4b 
t+b 

ift:::; y0 - b 
if Yo - b < t :S Yo 
if Yo < t :::; y0 + 2b 
if Yo + 2b < t :::; Yo + 3b 
if y0 + 3b < t. 

For any recommendation of less than y0 or greater than y0 + 4b the legislature can 
infer the state precisely. Thus the consistency condition requires that the legisla
ture's belief about the state be correct if the committee makes such a recommen
dation. For the recommendations yo, yo + 2b, and y0 + 4b, the legislature cannot 
infer the state precisely. The committee makes each of these recommendations for 
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r -(r- (t + b))2, -(r- t)2 

·. Yo 2 2 -(yo-(t+b)) ,-(yo-t) 

Chance Legislature: 

t' r -(r- (t' + b))2, -(r- t') 2 

r Committee ._ _____ -<( 

Yo -(yo-(t'+b))2,-(yo-t')2 
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Figure 353.1 An outline of an extensivegamethat models the closed rule for the consideration of a 
committee proposal by a legislature. Only two of the possible states (t and 11

) and one of the possible 
reports the committee can make are shown. The committee's payoffs are listed first, the Jegislature's 
second. 

t-b t 2t- y0 t + b y-7 

Legislature: 
-(y- t)2 

Committee: 
-(y- (t + b))2 

Figure 353.2 For y0 between t- band t + b, the legislature prefers yo to I+ b, and thus optimally exer
cises its option to choose y0 rather than a proposal oft+ b. For yo between t -band t, it is indifferent 
between Yo and 21- YO· 

an interval of states, so that given that the initial distribution of states is uniform, 
the consistency condition requires that the legislature's belief about the state after 
observing one of these recommendations be uniform on the interval of states that 
generates the recommendation. In summary, the consistency condition requires 
that the legislature's belief satisfy the following conditions. 

State is r- b 
State is uniformly distributed from Yo - b to Yo 
State is uniformly distributed from Yo to Yo + 2b 
State is uniformly distributed from Yo + 2b to Yo + 4b 
State is r- b 

if r < Yo 
if r = yo 
if r = y0 + 2b 
if r = y0 + 4b 
ify0 +4b < r. 

The consistency condition does not restriet the legislature's belief about the state 
when it observes a recommendation between Yo and Yo + 2b, or one between Yo + 
2b and yo + 4b, because the committee does not make such a recommendation if it 
follows its strategy. Assurne that in these cases it believes the state is yo. Finally, 
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Figure 354.1 The bill y proposed by the committee and accepted by the legislature, as a function of the 
state t, in an equilibrium of the game of agenda control und er the closed rule for b = -h. The 45° dashed 
gray lines show the action optimal in each state for the committee (top) and legislature (bottom). 

the legislature's strategy is to accept all recommendations except those between Yo 
and Yo + 2b, and between yo + 2b and y0 + 4b (which arenot made if the committee 
adheres to its equilibrium strategy). 

I now argue that this assessment is a weak sequential equilibrium. The leg
islature's belief satisfies the consistency condition by construction. Consider the 
optimality of the committee's strategy, given the legislature's strategy. In all states 
less than Yo- b or greater than y0 + 3b, the outcome is the committee's favorite bill, 
so certainly no strategy yields it a higher payoff in these states. Now consider the 
state yo, in which its strategy calls for it to recommend the bill yo, so that it obtains 
the payoff -b2• If it changes its recommendation, the bill passed by the legislature 
either remains Yo (if it recommends between y0 and y0 + 2b or between yo + 2b and 
Yo + 4b), changes to less than y0 (if it recommends less than yo), or changes to at 
least Yo + 2b (if it recommends y0 + 2b or at least y0 + 4b). None of these changes 
increases the committee's payoff (refer to Figure 355.1), so its recommendation of 
Yo is optimal. In states between y0 - band y0, and between y0 and Yo + 3b, similar 
analyses show that the recommendation y0 is also optimal. (Note that the commit
tee is indifferent between the bills y0 and y0 + 2b in state y0, and between the bills 
Yo + 2b and Yo + 4b in state Yo + 2b.) 

Finally consider the legislature's action. A recommendation r from the com
mittee of less than y0 or greater than y0 + 4b reveals the state tobe r- b, so that the 
legislature prefers r to y0. Now consider the other possible recommendations the 
committee may make. 

Recommendation of y0: The outcome is the same, y0, regardless of the legisla
ture' s action. 
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Figure 355.1 In state yo, the comrnittee prefers the bill yo to any billless than yo or greater than yo + 2b. 

Yo Yo +2b t-> 
----~----·~··:.-::-~~---·"r ........ -,.-""-··--···-··········-··-·-·-~------· "·:~:-.-··-··--

/ / / Reject ' ', Accept 

' 
' 

-(y0 +2b-t)2 

' ' ' 
Figure 355.2 The legislature's payoff as a function of the state frorn yo to yo + 2b if it accepts the 
recornrnended bill y0 + 2b (solid black curve) and rejects it (dashed black curve). 

Recommendation of y0 + 2b: The legislature believes that the state is uniformly 
distributed from y0 to yo + 2b. Its payoff, as a function of the states in this 
interval, is given by the solid black curve in Figure 355.2 if it accepts the com
mittee's recommendation and by the dashed black curve if it rejects the com
mittee's recommendation. These curves are mirror images of each other, so 
the legislatureisindifferent between accepting and rejecting the committee's 
recommendation. 

Recommendation of y0 + 4b: The legislature believes that the state is uniformly 
distributed from y0 + 2b to yo + 3b. Its payoff, as a function of the states 
in this interval, is given by the solid black curve in Figure 356.1 if it ac
cepts the committee's recommendation and by the dashed black curve if it 
rejects the committee's recommendation. (For clarity, the vertical scale in 
this figure is different from that in Figure 355.2.) The solid curve lies entirely 
above the dashed one, so the legislature prefers to accept the committee's 
recommendation than to reject it. 

Recommendation between Yo and Yo + 2b, or between Yo + 2b and Yo + 4b: The 
legislature believes that the state is yo, so it optimally rejects the committee's 
recommendation. 

1 0.9.3 Camparisan af apen rufe, c/ased rufe, and defegatian 

The legislature' s action, as a function of the state, in the best equilibrium for the leg
islature under the open rule for b = ,ft, is given in Figure 348.2. Figure 354.1 is the 
corresponding figure for the equilibrium found in the previous section (10.9.2) for 
the closed rule. Which equilibrium does the legislature prefer? Comparing the two 
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Figure 356.1 The legislature's payoff as a function of the state from yo + 2b to yo + 3b if it accepts the 
recommended bill y0 + 4b (solid black curve) and rejects it (dashed black curve). 

figures, it should be plausible that it prefers the equilibrium for the closed rule. In 
this equilibrium, the difference between the outcome and the legislature's favorite 
bill is b for most states and is never more than 2b, whereas for the equilibrium un
der the open rule the outcome wanders much further afield. The legislature really 
dislikes large deviations from its favorite bill (its payoff function is quadratic), so 
the equilibrium under the closed rule is better for it than the equilibrium under the 
open rule. (Note that I have not argued that the equilibrium found for the closed 
rule yields the best outcome for the legislature, only that it is better than the best 
equilibrium under the open rule.) 

For other values of b, a comparison of the equilibria under the two rules leads 
to the same conclusion: if b < y0 < 1 - 3b and b is small enough that there is 
an equilibrium under the open rule in which the committee submits at least two 
different reports, depending on the state, then there is an equilibrium under the 
closed rule that the legislature prefers tothebest equilibrium for it under the open 
rule. 

So in a comparison of the open rule and the closed rule, the analysis provides a 
rationale for the closed rule: in limiting the legislature's ability to take advantage of 
the information reported by the committee, the rule gives the committee an incen
tive to divulge that information, to the ultimate advantage of both the committee 
and the legislature. 

Now compare the outcomes under the closed rule and under delegation. Look 
carefully at Figure 354.1. In the equilibrium depicted there for the closed rule, the 
bill proposed by the committee differs from t +bin the region of yo. The devia
tions are symmetric about t + b, as Figure 357.1 makes clear. Now, the legislature's 
payoff decreases at an increasing rate away from its favorite bill-its payoff to a 
bill2ö from its favorite is more than twice as large a negative number as its payoff 
to a bill ö from its favorite. Thus it prefers the outcome in which the bill is t + b 
in every state t to the outcome in the equilibrium we have been studying. That is, 
for this value of b, delegation is better for it than the equilibrium we found for the 
closed rule. If it delegates the decision to a committee, the legislature loses control 
of the outcome; if it retains some control it loses information, because the com
mittee's interest Ieads to a distorted communication of the state. In the model we 
have been studying, the lass of information outweighs the lass of control as lang 
as the committee's and legislature's preferences do not differ too much, leading 
delegationtobethebest mechanism for the legislaturein this case. 



Notes 357 

2b . 

0 
Yo- b Yo Yo + 2b Yo + 3b t __, 

Figure 357.1 The deviation of the bill proposed by the committee from the legislature's favorite bill in 
an equilibrium in the model of agenda control with the closed rule, as a function of the state araund the 
state yo. 

Thus while the closed rule generates an equilibrium better for the legislature 
than any equilibrium under the open rule, delegation generates an even better 
outcome. Assuming the game for the closed rule has no better equilibrium than 
the one we studied, the conclusion is that if the preferences of the legislature and 
the committee do not differ so much that the legislature should simply choose the 
legislation itself, then the legislature's best option is to relinquish all control over 
the outcome and to cede the choice of legislation to the committee. 

Notes 

The notion of an extensive game is due to von Neumann and Morgenstern (1944). 
Kuhn (1950b, 1953) suggested the formulation described in this chapter. The no
tion of sequential equilibrium, of which weak sequential equilibrium is a vari
ant, is due to Kreps and Wilson (1982); Selten's (1975) notion of "perfect equi
librium" is closely related. (The notion of weak sequential equilibrium is called 
"assessment equiÜbrium" by Binmore (1992); it is sometimes called "weak perfect 
Bayesian equilibrium", though the notion of perfect Bayesian equilibrium (due to 
Fudenberg and Tirole 1991) is defined only for a restricted set of games.) 

The models of poker in Example 315.1 and Exercise 316.1 are variants of models 
studied by Borel (1938, 91-97) and von Neumann and Morgenstern (1944, 19.14). 
Von Neumann studied several other models of the game (see von Neumann and 
Morgenstern 1944, footnote 2 on page 186 and Section 19), as did some of the other 
pioneers of game theory, including Bellman and Blackwell (1949), Kuhn (1950a), 
Nash and Shapley (1950), and Karlin (1959b, Chapter 9). 

The idea of the model in Section 10.6 is due to Nelson (1970, 1974). The model 
itself is a simplified version, suggesteq by Ariel Rubinstein, of the one of Milgrom 
and Roberts (1986). Section 10.7 is based on Spence (1974), as interpreted by Cho 
and Kreps (1987). Section 10.8 is based on Crawford and Sobel (1982). The model 
in Section 10.9 is due to Gilligan and Krehbiel (1987); the equilibrium under the 
closed rule is taken from Krishna and Morgan (2001). Banks (1991) presents many 
other applications of signaling games in political science. 
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Example 320.2 is based on Bagwell (1995). The game in Exercise 331.1 is taken 
from Selten (1975) and that in Exercise 331.2 is taken from Kohlberg and Mertens 
(1986). The game in Exercise 335.2 comes from Maynard Smith (1991). In the Battle 
of Zutphen in 1586, the young British aristocrat and poet Sir Philip Sydney, having 
been seriously wounded, reportedly gave a water bettle to a dying soldier with 
the words "Thy necessity is yet greater than mine" (see Greville 1986, 77 and 215). 
Maynard Smith writes that "This unusual example of altruism by a member of 
the English upper classes" inspired him to formulate the game. Bergstrom and 
Lachmann (1997) compare the pooling and separating equilibria of the game. For 
more discussion of the game, see Godfray and Johnstone (2000). 


